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Abstract: The concept of Lie-derivation was recently introduced in [1]
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In this paper, we determine the Lie algebras of Lie-derivations of all three-
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make conjectures on the basis of the Lie algebra of derivations of Lie-solvable
non-Lie Leibniz algebras.
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1 Introduction and Preliminaries

The concept of Leibniz algebra first appeared in works published in the sixties
by Bloh [?], and were popularized by Jean Louis Loday [6] in the early
nineties. Leibniz algebras have been studied in many fields of Mathematics
and mathematical physics. Essentially, Leibniz algebras are generalization
of Lie algebras, and are usually considered as non commutative Lie algebras.
For that reason, extending properties of Lie algebras to Leibniz algebras have
been a main focus of research.

Derivations of Leibniz algebras are important in understanding their
structure, and have been intensively investigated by many authors [?, 7, 7],
with the essential goal of extending results known in the case of Lie alge-
bras (See some of the most cited results in [5, 7, 8, 9, 10]). The concept of
Lie-derivations recently introduced in [1] by Biyogmam and his collaborators,

relying on the fact that the quotient space ﬁ(w of a Leibniz algebra g by the

two-sided ideal Leib(g) is a Lie algebra, where Leib(g) := ([z,z] = € g) is re-
ferred to as the Leibniz kernel of g. In this paper, we discuss this new concept
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of derivation of Leibniz algebras and completely determine in Section 3 the
Lie algebra of Lie-derivations of three dimensional non-Lie Leibniz algebras,
identifying the inner and outer derivations among the basis element. Finally,
we conjecture that a basis of the Lie algebra of Lie-derivations of a solvable
Leibniz algebra g such that Leib(g) = [g, g]Lie admits a non special inner
derivation, and the basis of the Lie algebra of Lie-derivations of a solvable
Leibniz algebra g such that Leib(g) # [g, g]Lie admits no non-special inner
derivation.

2 Lie-derivations of Leibniz Algebras

In this section, we recall some definitions and background results needed in
these calculations.

Definition 2.1. A (left)Leibniz algebra [6] is a vector space g equipped with
a bilinear map [—,—] : g ® g — @, usually called the Leibniz bracket of g,
satisfying the Leibniz identity:

[, [y, 2]l = [[z, 9], 2] + [y, [%, 2]}, 2,9, 2 € g.

Remark 2.2. Notice that the definition of a Leibniz algebra is very similar
to the definition of a Lie algebra, but Lie algebras have an extra condition:
skew-symmetry, i.e. [x,y] = —[y, x| for all x,y € g. Thus, every Lie algebra
1s a Leibniz algebra but not every Leibniz algebra is a Lie algebra.

Definition 2.3. A subalgebra by of a Leibniz algebra g is said to be left (resp.

right) ideal of g if [h,g] € b (resp. [g,h] € ), for all h € h,g € g. If b is
both left and right ideal, then § is called two-sided ideal of g.

Definition 2.4. A linear map d : g — g of a Leibniz algebra g is said to be
an absolute derivation if for all x,y € g,

d([z,y]) = [d(x),y] + [z, d(y)]

Definition 2.5. A linear map d : g — g of a Leibniz algebra g is said to be
a Lie-derivation if for all x,y € g, the following condition holds:

d([z, ylie) = [d(@), yluie + [, d(y)e



Remark 2.6. The absolute derivations are also Lie-derivations since, for all
aj? y E g?
d([z, ylie) = d([z, y] + [y, z])

= [d(x),y] + [z, d(y)] + [d(y), z] + [y, d(2)]

= d(x)7 y]lie + [-Ta d(y)]lie-
Howewver, the converse is not true. For instance, every linear map d: g — @
1s a Lie-derivation for any Lie algebra g, but it is not a derivation in general.

The set of all Lie-derivations of a Leibniz algebra g is denoted Der"(g),

and can be equipped with a structure of Lie algebra given by the bracket
[dl, dg] = d1 e} dg — dz e} dl, for all dl, d2 € Der(g)

Definition 2.7. [?] A derivation d: g — g is said to be an inner derivation
if

d(g) — La(g) < Leib(g)
where L,: g — g, is defined by L,(y) = [z,y], for all y € g.

Derivations of a Leibniz algebra g of the form L.,z € g are referred to as
special inner derivations [2] of g.

3 Determination of Lie-derivations of three-
dimensional non-Lie Leibniz algebras

In this section, we will calculate all Lie-derivations of three-dimensional non-
LieLeibniz algebras.

Theorem 3.1. [4] Let L be a non-Lie Leibniz algebra with dim(L) = 3.
Then L is isomorphic to a Leibniz algebra spanned by {x,y, z} whose nonzero
products are given by one of the following:

1) [z,z] =y, [v,y] = 2
2.) [x,x] =z
3.) [r,yl =2y, 2] =

4.) [xyl = 2, [y, 2] = =z, [y, y] =



5.) [2.y] = 2, [y, 2] = kz where k € R — {1, —1}
6.) [2,7] =
7.) [z,2] = kz where k € R — {0}, [z,9] = v, [y, 2] = —y
8) [yl =y ly.2]=-y,lz2] ==
9.) [z.2] =2z, [y.y) = 2, [z, 9] =y, [y, 2] = —y,[2,2] =
10.) z,y] = vy, |z, x] = kx where k € R — {0}
11.) [zl = x4y, [z,y] =y
12) [z,2] =y, [zy] =y, [z,2] ==

Proposition 3.2. Let g be the Leibniz algebra spanned by {x,y, 2}, whose
nonzero brackets are given by [z, x] =y and [z,y] = z. Then the set Der"(g)
of Lie-derivations of g is a three-dimensional Lie algebra spanned by the set

1 00 0 00 000
{a1, s, a3}, where a; = |0 2 0|, 0= (1 0 0| andag= [0 0 0].
0 0 3 010 1 00

Moreover, ay and as are outer derivations, and as 1S a special inner deriva-
tion.

Proof. Let o € Der"®(g) whose matrix M in the basis {x,y, 2} is given by
aq b1 C1

M = las by co|. This implies that a(z) = a1z + a2y + azz, aly) =
az bz c3

b1z + by + b3z and a(z) = 1 + coy + c32. Since a € Der~"¢(g), we must have

a([u, v]ie) = [u, a(v)]ie + [a(w), v]je for u,v € g. It follows that:

Lie(

o[z, zlie) = 2[z, (@)]uie
a(2[x,z)) = 2]z, a1z + agy + azzlje
a(2y) = 2a1[w, e + 2a2(T, Yliie + 2a3(7, 2]iie
2b1x + 2boy + 203z = 2a1(2y) + 2az(2)
201 + 2boy + 2032 = 4a 1y + 2as2
bix + boy + b3z = 2a1y + azz



= bix + boy + b3z — 2a1y —asz =0
= bz + (by — 2a1)y + (bs —az)z =0
— b1:0,b2—2a120,b3—a2:0

since x,y, and z are linearly independent, and thus b; = 0,0y = 2a; = 0,
and b3 = a2.

Also, a([z,ylie) = [, a(y)]ue + [a(x), Y]1e
o[z, y] + [y, x]) = [2,b17 + bay + b3z]iic + (017 + a2y + az2, Ylue
oz +0) = bi[x, z]ie + bo[x, Ylie + bs[, 2]ie + a1[2, Yliie + a2[y, Ylue
+ aslz, Ylie
a(z) = b1(2y) + ba(2) + 04+ ai(2) + 040
1T + oy + 3z = 2b1y + baz + a1(2)

= &+ oy +c3z2 — 2byy — bz —a;z2 =0
—> 1+ (e —2b))y+ (c3 —by—a)z=0
— 0120,02—2()1:0,03—()2—@1:0

since x,y, and z are linearly independent, and thus ¢; = 0,¢cy = 2b; = 0,
and ¢3 = by + ay.

AISO7 CY([Q?, Z]lie) = [ill', a<z)]lie + [Oé(LC), Z]lie
a([z, 2] + [z, 2]) =[x, 12 + c2y + c32]iie + (a1 + a2y + a3z, 2]ue
a(0+0) = a1]z, e + o[z, Yliie + c3]x, 2]1e + a1, 2]iie + 2]y, 2)iie

+ az(z, 2)ic
0=1c1(2y) + c2(2)
0=2c1y + caz.

This implies that ¢; = 0 and ¢y = 0 since y and z are linearly independent.

[ ’a(y)]lie

[y, b1z + boy + b3z]yie

b1y, Tlie + 202y, Y)iie + 2b3[y, 2]iic
b1(z), implying that b; = 0.

Also, a([y, Yluic) = 2
a(2y,y]) =2
a(0) =2
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Also, a(ly, 2ue) = [y, a(2)]ue + [a(y), 2]uie
aly, 2] + [2,y]) = [y, el + coy + e32]ie + [brz + bay + 032, 2iie
a(0+0) = c1[y, Tlie + caly, Yliie + c3[y; 2liie + b1]7, 2]iie + b2ly, 2]uie
+ b3 [z, z]sie
0 =ci(z), implying that ¢; = 0.
Note that the identity «([z, z]ue) = 2[z, @(2)]se yields 0 = 0.
In summary, by = 0,by = 2a1,b3 = as,c; = 0,5 = 0, and c3 = 3a,.

ap 0 0 1 00 0 00 0 00
Therefore,« = |ay 2a; 0 | =a; [0 2 0| 4ax [1 0 0| 4a3 [0 0 0].
as as 3ap 0 0 3 010 1 00

ai Q2 a3

It is straightforward to show that the vectors {ay, ag, as} are linearly inde-
pendent.

Now, since Leib(g) = (y), if @ € {1, a2, a3} is an inner derivation, then

(v — L;)(g) C (y). Note that L,(z) =y, Ly(y) = z and L,(z) = 0. In this

case, (i is a special inner derivation because (agy — L, )(g) = 0. a4 is an outer

derivation because (a; — L;)(x) = x —y ¢ (y). Similarly, a3 is an outer

derivation because(asz — L,)(z) = 2z —y ¢ (y) . O

Proposition 3.3. Let g be the Leibniz algebra spanned by {x,y,z}, whose

nonzero brackets are given by [x,x] = z. Then the set Der“®(g) of Lie-

derivations of g is a five-dimensional Lie algebra spanned by the matrices
100 0 00 000 000

ar =10 0 0],a=11 0 0],a3=10 0 Ol,as= |0 1 0| and
0 0 2 000 1 00 000
000

as= [0 0 0. Moreover, aq, s, aq are outer derivations, as 1S an inner
010

deriwation and oz is a special inner deriwation.

Proof. Let o € Der"(g) whose matrix M in the basis {z,y,z} is given
ar b oo

by o = |ay by co|. This implies that a(x) = a1z + ay + azz, a(y) =
as by c3

bix + boy + bz, and a(z) = c12 + ¢y + c3z. Since o € Der™®(g), we must



have a([u, v]ie) = [u, a(v)]iie + [a(u), v]ye for u,v € g. It follows that

a([z, zlue) = 2[z, a(z)]ue
a(2[x, z])) = 2[x, a1z + asy + aszze
a(2z) = 2a1[x, T)iie + 2a2[x, ylie + 2as[, 2]1e
2012 + 2¢9y + 2¢32 = 2a4(22)
2c1T + 2¢0y + 2c32 = 4arz

1T + coy + 32 = 2a12

This implies that c1x + coy + (c3 —2a1)z = 0, i.e. ¢ =0,¢2 = 0,¢3 —2a; =0
since x,y, and z are linearly independent, and thus ¢; = 0,¢o = 0, and
C3 = 2CL1.

Also, o[z, Ylue) = [, a(y)]ue + [a(2), Yluie
o[z, y] + [y, 7)) = [z, 017 + bay + b32]iie + (@17 + a2y + a3z, Yluie
a0+ 0) = bi[z, T]iie + ba[z, Yliie + 03[z, 2]1ie + ar]x, Yliic + a2[y, Yluie
+ aslz, yYliie
0 = b1(22), implying that b; = 0.

Also, a([z, z]iie) = [z, @(2)]ie + [a(x), 2]e
a(lz, 2] + [z, z]) = [z, 12 + c2y + c32)iie + [a17 + a2y + a3z, 2]
a(0+0) = 1]z, e + o[, Ylue + cs]x, 2l1ie + a1z, 2]iie + a2y, 2)ue
+ a3(z, 2)ie
0 = 2¢yz, implying that ¢; = 0.
Note that all the identities a([y, yue) = 2[y, a(y) e, [y, 2]uie) = [y, (2)]1ie+
[a(y), z|ue and a([z, z]ie) = 2[z, a(2)]je yield 0 = 0.
In summary, by = 0,c¢; = 0,c5 = 0, and ¢3 = 2a,. Therefore,

a 0 0 100 000 000
a=la by 0 |=a |00 Of+a|1 0 0|+az|{0 0 0
as by 2a 00 2 000 100

000 000

+by [0 1 0| +b3 [0 0 O

000 010



Now, since Leib(g) = (2), if @ € {1, a2, a3, a4, a5} is an inner derivation,
then (o — L;)(g) C (z). Note that L,(z) = z, L,(y) = O and L,(z) = 0. In
this case, ag is a special inner derivation because (ag — L;)(g) = 0. a5 is an
inner derivation. «; is an outer derivation because (o —L,)(z) = x—z ¢ (z) .
Similarly, as is an outer derivation because(ag— 2)(x) =y—z ¢ (z). Finally,
ay is an outer derivation because(ay — L) (y) =y ¢ (2) . O

Proposition 3.4. Let g be the Leibniz algebra spanned by {x,y, 2}, whose
nonzero brackets are given by [z,y] = z and [y, 2] = z. Then the set Der"*(g)
of Lie-derivations of g is a three-dimensional Lie algebra spanned by the set

1 00 000 0 1 0
{a1, ag,az}, whereay = [0 0 0|, =10 0 Of andaz= |0 0 0
0 -1 0

0 0 1 1 01
Moreover, aq, as and az are outer derivations.

Proof. Let o € Der"(g) whose matrix M in the basis {z,y,z} is given

aq b1 C1
by a = [ay by co|. This implies that a(z) = a1z + asy + azz, aly) =
as b3 C3

by + boy + bsz and az) = 10+ oy + c32. Since a € Der®(g), we must have

a([u, v]ie) = [u, @(v)]ie + [a(w), v]je for u,v € g. Tt follows that

x, ()] e

) = 2[x, a1z + agy + asz|ie
« 0) = 2& [ 5 ]lze + 20,2 [ZL‘ y]lze + 2(13[1] Z]lze
0 = 2as(z), implying that a; = 0.

Also, o[z, Ylue) = [, a(y)]ue + [a(2), Yluie
al[z,y] + [y, z]) = [z, b1 + bay + b3z]ie + [a12 + a2y + azz, Ylue
a(z +0) = b1z, 2]ue + bo[z, Yliie + bs|x, 2]ue + a1z, Yliie + a2[y, Yliie
+ aslz, e
a1 + ey + 3z = ba(2) + a1(2) + as(2)

This implies that c;x + coy + (¢35 — by — a1 —az)z = 0 ie. ¢ = 0,¢0 =
0,c3 —by —a; —ag = 0 since z,y, and z are linearly independent, and thus



c1 =0,c0 =0, and c3 = by + a; + as.

Also, a([z, 2]ie) = [z, a(2)]ie + [a(x), 2]ie
o[z, 2] + [z, 2]) = [z, 12 + oy + c32)iie + [a17 + agy + a3z, 2]ie
(0 +0) = c1fz, 2lue + c2[z, Yliie + cs]x, 2]ue + a1[z, 2]iie + a2y, 2ie
+ as(z, z]iie
0=ca(z) + as(2)
0 = (cg + ag)z, which implies ¢y = —as.

2[y, c(y)uie

2[33 blﬂf + be + bgz]lw

2by [y, ]lze + 2by [y, y]lie + 2bs [ya Z]lie
2b;

(2) + 2b3(2)
(b1 4 b3)z, which implies b = —bs.

Also, a([y, ylue)

a(2ly, yl)
a(0)

0
0

Also, o[y, zJie) = [y, a(2)]ue + [ (y), 2]uze
ally, z] + [z,9]) = [y, a1z + coy + ¢32]iie + [b1 + bay + b3z, zjie
a(z +0) = a1y, Tlie + c2ly, Yliie + csly, 2liie + 012, 2]1ie + b2y, 2]1ie
+ b3z, z]sie
a1+ ey + 3z = ¢1(2) + c3(2) + ba(2)
x4 coy = (c1 + b)z.
This implies ¢; = 0,co = 0,¢; + by = 0 since z,y, and z are linearly
independent, and thus ¢; = 0,¢c; = 0, and ¢; = —bs.

Finally, «([z, z]ie) = 2]z, a(2)]se
2[2 C1T + Coy + C3z]lze
1z, xliie + 2¢2[2, yliie + 2¢3(2, 2]sie

2
0 = 2¢y(2), implying that ¢y = 0.

In summary, ay = 0,00 = 0,03 = —by,¢cy = 0,c0 =0 and c3 = by + a1 + a3 =
a1 + az. Therefore,

ar b 0 100 000 0 1 0
a=[0 0 0 |=a1|{0 0 0[+a3|{0 0 O[+b |0 0 0
as —by a1 +as 001 101 0 -1 0



Now, since Leib(g) = 0, if & € {ay, @, a3} is an inner derivation, then either
a = L, or « = L,. Note that L,(x) = L,(2) = 0 and L,(y) = 2, and
L,(x) = Ly(y) = 0 and L,(2) = 2. In this case, o; is an outer derivation
because (a3 — L,)(z) = (o — Ly)(z) = x # 0. Similarly, ay is an outer
derivation because (aa—L,)(z) = (aa—Ly)(x) = z # 0. Finally, a3 is an outer
derivation because (az3—L,)(y) = x—22z # 0 and (as—Ly)(y) =x—2 #0. O

Proposition 3.5. Let g be the Leibniz algebra spanned by {z,vy,z}, whose

nonzero brackets are given by [x,y] = z, [y, x] = —z, and [y, y| = z. Then the
set Der™®(g) of Lie-derivations of g is a five-dimensional Lie algebra spanned
1 00 0 00
by the set {aq, s, a3, a4, a5}, where oy = [0 0 0|, ap = |0 0 Of,
0 00 1 00
010 0 00 0 00
az = [0 0 0f,as =10 1 O and as = |0 0 0| . Moreover, ay, az
0 00 0 0 2 010

and oy are outer derivations, and s is an inner derivation and as s a special
inner derivation.

Proof. Let o € Der"(g) whose matrix M in the basis {z,y,z} is given
aq b1 C1

by o = |ay by co|. This implies that a(x) = a1z + ay + azz, a(y) =
az by c3

bix 4 byy + bgz and a2) = c12 + coy + c32. Since a € Der™(g), we must have

a([u, v]ie) = [u, a(v)]ie + [a(u), v]je for u,v € g. Tt follows that

o[z, Ylie) = (2, a(y)ie + [a(), Y)iie
af[z,y] + [y, 7)) = (2,012 + bay + bsz]iic + [a17 + a2y + a3z, Yluie
oz — z) = by @, @liie + ba[, Yluie + bs[x, 2Jiie + a1[x, Yliie + a2(y, ylie
+ a3z, Ylue
0="0by(z — 2) +ai1(z — z) + az(22)
0 = 2a9z, implying that ay = 0.
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Also, o[y, Ylue) = 2[y, a(y)]ue
a(2[y, y]) = 2[y, bix + bay + bzz]ue
a(2z) = 2b1[y, x]iie + 2b2[y, yliie + 20s[y, z]ie
2017 + 2c0y + 2¢32 = 201 (2 — 2) + 2b2(22)
2c1x + 2¢o1y + 2c32 = 4byz
1 + coy + c32 = 2byz.

This implies that ¢; = 0,co = 0, and c3 = 2by since x,y, and z are linearly
independent.

Also, o[y, zJie) = [y, a(2)]ue + [a(y), 2]use
ally, z) + [z,9]) = [y, c1x + coy + ¢32]iie + [br1 + bay + b3z, 2jie
(0 +0) = c1ly, zlie + c2[y, Yliie + 31y, 2Jiie + b1[7, 2]iie + b2[y, 2]iie
+ bs(z, z]sie
0=rc1(z— 2) + 2(22)
0 = 2c9z, implying that co = 0.

Note that all the identities a([z, z]ie) = 2[x, @()]ue, [T, 2]1ue) = [, @(2)]ie+
[a(x), z]ie and a([z, 2]ue) = 2]z, @(2)]ue yield 0 = 0.
In summary, as = 0,¢; = 0,c5 = 0, and c3 = 2b,. Therefore,

a b 0 1 00 000 010
a=10 b 0[=a]0 0 0f4+a|0 0 O +b {0 0 0
ag by 2by 000 1 00 000
o a2 o3
000 000
+b, |0 1 0 +b3 |0 0 O
00 2 010

e} «

IS
ot

Now, since Leib(g) = (z), if @ € {1, s, a3, ay, a5} is an inner derivation,
then either (o — L;)(g) C (2) or (a — Ly)(g) C (z). Note that L,(x) =
L,(z) =0 and L,(y) = 2, and Ly(x) = —L,(y) = —z and L,(2) = 0. In
this case, ap is an inner derivation because (o — L;)(g) = (z) . We also have
(g — Ly)(g) = (2) . a5 is a special inner derivation since (a5 — L;)(g) = 0.
However, a; is an outer derivation because (a; — L;)(x) = = ¢ (z) and
(g — Ly)(z) = x + 2 ¢ (z). Similarly, a3 is an outer derivation because
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(s — L)(y) =2 — 2z & (2) and( —[; (y) = — 2z ¢ (2). Finally, a4 is

an outer derivation because (o — L;)(y) =y — 2 ¢ (2) and (ay — L) (y) =
y—z¢(2). O
Proposition 3.6. Let g be the Leibniz algebra spanned by {z,vy, 2z}, whose
nonzero brackets are given by |x,y] = z and |y,x] = kz where k € R —
{1,—1}. Then the set Der"®(g) of Lie-derivations of g is a four-dimensional
1 00
Lie algebra spanned by the set {ay, as, a3, aq}, where ap = [0 0 0|, g =
0 0 1
0 00 0 00 0 00
01 0l,a3= 1|0 0 O|,ay= (0 0 0. Moreover, ay, ay and as are
0 0 1 1 00 010

outer deriwations and oy is a special inner derivation.

Proof. Let o € Der"(g) whose matrix M in the basis {z,y,z} is given
aq b1 C1

by a = [ay by co|. This implies that a(z) = a1z + asy + a3z, aly) =
as by c3

by + boy + bsz and a(z) = 10+ coy + c32. Since a € Der®(g), we must have

a([u, v]ie) = [u, a(v)]ie + [a(u), v]je for u,v € g. Tt follows that

o[z, zlie) = 2[x, (x)]uie
a(2[z, 7)) = 2[x, a17 + azy + asz|ue
a(0) = 2a1[x, x)ue + 2a2]x, yliie + 2a3[T, 2]1e
0 =2as(z + kz)
0 =2a3(1+ k)z, implying that ay = 0 since k # —1.

Also, a([z,ylue) = 7, a(y)]ue + [a(x), Y]tie
o[z, y] + [y, ]) = [z, 017 + bay + b32]uie + [a17 + a2y + a3z, Ylue
alz+ kz) = by|x, Tie + ba|x, ylue + bs[z, 2|ue + a1]x, yliie
+ a2y, Yliie + aslz, Ylue
a((1+k)z) =bo(z+ kz) + ar(z + k2).

So, ci(l+ k) + co(1+ k)y + c3(1 + k)z = ba(1 + k)z + a1 (1 + k)2, and thus
1+ oy + (c3 —by —ay)z = 0. This implies ¢; = 0,¢o =0 and c3 —by—a; =0
since z, y, and z are linearly independent. Therefore ¢; = 0,¢5 = 0 and
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C3 = a1 —|—b2

Also, a([z, z]ie) = [z, a(2)]ie + [a(x), 2]ie
o[z, 2] + [z, 2]) = [z, 12 + oy + c32)iie + [a17 + agy + a3z, 2]ie
(0 +0) = c1[z, lue + 22, Yliie + 3]z, 2Jue + ar[x, 2]iie + a2y, 2ie
+ as(z, z]iie
0 =cy(z+ kz), implying that c; = 0.

Also, a(ly, zJue) = [y, a(2)]ue + [a(y), 2]uie
oy, 2] + [2,9]) = [y, 1z + cay + c32]iie + (b1 + boy + b3z, 2]uie
a(0+0) = c1[y, Tlie + caly, Ylie + c3[y; 2Juie + b1]x, 2]iie + b2[y, 2]uie
+ b3 [z, e

0=c1(z+kz)
0=ci1(1+k)z, implying that ¢; = 0 since k # —1.

Note that the identity a([z, z]ue) = 2[z, @(2)]ue yields 0 = 0.

In summary, a, = 0,b; = 0,¢4 = 0,c0 = 0, and ¢3 = a; + by. Therefore,

[a; O 0 1 00 0 00 0 00
a= 10 b 0 =a; |0 0 Of+b2 {0 1 0| 4a3|0 0 O
ag by a3 + by 0 01 0 01 100
- \VJ\VJ\ J/
B a1 a9 a3
0 00
+b310 0 O
010
—_————
(6%}

It is straightforward to show that the vectors {ai, as, as, au} are linearly
independent.

Now, since Leib(g) = 0, if & € {1, @z, a3, a4} is an inner derivation, then
either « = L, or a = L,. Note that L,(x) = L,(2) = 0 and L,(y) = z,
and L,(y) = L,(z) = 0 and L,(z) = kz, k # =*1. In this case, a4 is a
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special inner derivation since ay = L,. aq is an outer derivation because
(o — Ly)(2) = (o — Ly)(2) = z # 0. Similarly, ay is an outer derivation
because (a2—L,)(2) = (ae—Ly)(2) = z # 0. Finally, a3 is an outer derivation
because (a3 — L;)(z) = 2z # 0 and (a3 — Ly)(x) = (1 — k)z # 0 since k # 1.

O
Proposition 3.7. Let g be the Leibniz algebra spanned by {x,y,z}, whose
nonzero brackets are given by [z,x] = z. Then the set Der“®(g) of Lie-
derivations of g is a three-dimensional Lie algebra spanned by the set {aq, as, as},
1 00 000 000
where vy = [0 0 0|, a=1(0 1 0] andag= |0 0 1|. Moreover, as
000 0 00 000

and as are outer derivations and oy is a special inner derivation.

Proof. Let a € Der"®(g) whose matrix M in the basis {z,y,z} is given

ap b ¢
by a = [ay by c¢o|. This implies that a(z) = a1z + asy + azz, aly) =
az by c3

b1z +boy + b3z and «a(z) = 12 + oy + c32. Since o € Der"ie(g), we must have
a([u, v]ie) = [u, a(v)]ie + [a(w), v]je for u,v € g. It follows that

o[z, i) = 2[z, a(z)]iie
a(2[x, z]) = 2[x, a1z + agy + azz]je
a(0) = 2aq [z, )ye + 2a2[x, Yliie + 2a3[2, 2]1e
0 = 2a3(z), implying that az = 0.

Also, a([z,ylue) = [z, a(y)]iie + [(T), Yliie
a([z,y] + [y, z]) = [z, 012 + by + bazliie + [a12 + a2y + a2, Yluie
a0+ 0) = bi[z, T]iic + ba[z, Yliie + 03[z, 2]1ie + 12, Yliie + a2y, Yluie
+ a3z, Yliie
0 = bs(x), implying that by = 0.
Also, a([z, z]ie) = [z, a(2)]ie + [a(x), 2]1e
a([z, 2] + [z, 2]) = [z, 1@ + c2y + c32]iie + [a17 + a2y + a3z, 2]iie
a0+ ) = 1|z, e + 2|2, Ylue + sz, 2]ue + a1z, 2)je
+ asly, 2ie + aslz, 2ie
a1 + agy + azz = c3(x) + a1 (x)
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which implies that —c3z + asy + azz = 0, and thus ¢3 = 0,a, = 0 and a3 = 0
since x, y, and z are linearly independent.

o[y, 2lie) = [y, a(2)]ue + [a(y), 2uie
ally, z] + [z,9]) = [y, 1z + coy + c32]iie + [b12 + boy + b3z, e
a(0+40) = c1[y, T)iie + c2[Y, Yliie + c3[y, 2Jiie + b1]x, 2]iie + b2[y, 2]1ie
+ bs[2, 2iie
0 =by(z), implying that b; = 0.

Also, a([z, z]ue) = 2[z, @(2)]ue
a2z, 2]) = 2[z, 1 + oy + c32]14e
a(0) = 2¢1 |z, Tiie + 2¢2]2, Yliie + 2¢3]2, 2]1ie
0 = 2¢(x), implying that ¢; = 0.
Note that the identity a([y, y]ue) = 2[y, @(y)]ue yields 0 = 0. In summary,
as =0,a3=0,b; =0,b5 =0,¢; =0, and ¢3 = 0.
ap 0 0 1 00 0 00 0 0
Therefore, « = | 0 by c| =a1 [0 0 Of +b, [0 1 0] +c |0 O
0 0 0 000 000 0 0
—— ~~ ~~

o = O

J

aq « «@

)
w

Now, since Leib(g) = 0, if & € {ay, a9, a3} is an inner derivation, then
a = L, is a special inner derivation, in which case a(z) = = and a(y) =
a(z) = 0. In this case, ay is an outer derivation because as(z) = 0 # =,
and «g is an outer derivation because az(x) = 0 # z. However, ay(z) = =,

a1(y) =0, and a;(z) = 0. Therefore, oy is an inner derivation. O
Proposition 3.8. Let g be the Leibniz algebra spanned by {z,vy,z}, whose
nonzero brackets are given by [z,x] = kx where k € R — {0}, [z,y] =
y, and [y,z] = —y. Then the set Der®(g) of Lie-derivations of g is a
three-dimensional Lie algebra spanned by the set {oq, s, s}, where ap =
1 00 (0 0 0 0 00
0 0 0f,aa=10 1 0] andaz= |0 0 1|. Moreover, ay,as and as
0 00 0 00 0 00

are outer derivations.

Proof. Let a € Der"®(g) whose matrix M in the basis {z,v, z} is given by
ar b 01-
M = las by cof. This implies that a(z) = a1z + a2y + azz, aly) =
az b3 C3 |
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bix 4 byy 4+ bgz and o(z2) = 12 + coy + c32. Since a € Der™®(g), we must have
a([u, v]ie) = [u, a(v)]ie + [a(w), v]je for u,v € g.

It follows that

[, ()]

[z, a1 + asy + azzie

2
2

= 2012, ]iie + 2a2[T, Yl1ie + 2a3[7, 2]1e
2

Also, o[z, Ylue) = [z, a(y)]ue + [a(2), Yluie
al[z,y] + [y, z]) = [z, b1 + bay + b32]iie + [a12 + a2y + azz, Yluie
(0 +0) = bi[z, ziie + b2[x, Yliie + bs[z, 2]iic + a1]2, Yluie + a2(y, Ylue
+ aslz, e
0 = bs(kz) + as(y — y)
0 = bskx, implying that b3 = 0 since k # 0.

Also, a([z, z]ie) = [z, a(2)]ie + [a(x), 2]ie
al[z, 2] + [z, 2]) = [, 12 + cay + e32]iie + (@12 + agy + a3z, 2]ye
a(0 + kx) = 1]z, x]e + o[z, Yliie + cs3lx, 2]iie + a1z, 21e + a2y, 2]ie
+ as(z, Z]iie
k(a1x + asy + azz) = cs(kx) + ay(kx) + az(y — y)
k(ayz + agy + asz) = k(csz + a1x)
a1x + a2y + a3z = Cc3x + a1x

which implies that asy + asz — c3x = 0, and thus as = 0,a3 = 0 and ¢c3 =0
since x, y, and z are linearly independent.

AISO’ Oé([y, Z]lie) = [yv a(z>]li6 + [a(y)7 z]lie
ally, z] + [z,9]) = [y, 1z + coy + ¢32]iie + [b1x + bay + b3z, z]jie
a(—y +y) = c1ly, Tlie + 2y, Yliie + 3y, 2liie + b1]2, 2]iie + b2[y, 2]uie
+ b3(z, z]sie
0= c3(y —y) +bi(kz) +ba(y — y)
0 = kbyx, implying that b; = 0 since k # 0.
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Finally, «([z, z]ie) = 2]z, @(2)]ie
) =2z, 1 + oy + €32
a(0) = 2¢1 [z, zliie + 2¢2[2, Yliie + 2¢3]2, 2]1ie
2¢1(kz) + 2¢2(y — v)
2

kcyx, implying that ¢; = 0 since k # 0.

Note that the identity a([y, ylue) = 2]y, @(y)]ue yields 0 = 0. In summary,
a9 = 0,(13 = 0,b1 :O,bg = O,Cl :0, and C3 = 0.

a 0 0 1 00 000 000
Therefore, « = | 0 by co| =a; [0 0 Of +b2 [0 1 0| +c |0 O 1].
0 0 0 000 000 000
—_——— —~ v —~ v
ai Q2 as
It is straightforward to show that the vectors {ay, ag, as} are linearly inde-
pendent.
Now, since Leib(g) = 0, if a € {ay, a9, a3} is an inner derivation, then
either « = L, or @ = L,, in which case a(z) = a(y) = 0 and a(z) = —y or

a(x) = ka,k # 0, a(y) =y and az) = 0 respectively. In this case, oy is an
outer derivation because a1(x) = x # 0 and a;(y) = 0 # y. Similarly, ay is
an outer derivation because as(y) =y # 0 and as(x) = 0 # kx since k # 0.
Finally, a3 is an outer derivation because a3(z) = y, which does not equal

—y or 0. O
Proposition 3.9. Let g be the Leibniz algebra spanned by {z,vy,z}, whose
nonzero brackets are given by [z,y] = vy, [y, 2] = —y, [z,2] = . Then the
set Der™(g) of Lie-derivations of g is a five-dimensional Lie algebra spanned
010 000
by the set {1, s, a3, a4, a5}, where oy = [0 0 0|, ap = |0 1 0f,
0 00 000
0 01 0 00 2 00
as= 10 0 0]l,a,=10 0 1| andas= |0 0 0| . Moreover, ay s an
0 00 0 00 0 01
inner (non special) derivation, and oy, ag, oy and as are outer derivations.

Proof. Let o € Der"(g) whose matrix M in the basis {z,y,z} is given

aq b1 C1
by o = |ay by co|. This implies that a(x) = a1z + asy + azz, a(y) =
az by c3

b1z + byy + b3z and a(z) = e+ cay + c32. Since a € Der"®(g), we must have
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allu, v)ge) = [u, a(v)]ie + [a(u), v]ye for u,v € g. It follows that
s 2luie) = [, a(2)ue + (@), Z]ue
o[z, 2] + [z, 7]) = [7, 1z + coy + c32]iie + |1 + a2y + a3z, 2liie
) = cilx, @lie + c2]®, Yliie + cslx, 2)iie + a1z, 2)iie + a2ly, 2]iie
+ as[z, 2Juie
0=ax(y —y) + as(2x)
0 = 2azz, implying that a3 = 0.
Also, a(ly, zJue) = [y, a(2)]ue + [a(y), 2]uie
ally, z) + [z,9]) = [y, c1x + coy + c32]1ie + [br1 + bay + b3z, 2jie
a(—y +y) = aly, Tlue + c2ly, Yliie + c3ly, 2liie + b1[2, 2]iie + b2[y, 2]iie
+ bs(z, z]sie
0=rcs(y —y) +ba(y — y) + b3(27)
0 = 2bsx, implying that b3 = 0.
Finally, «([z, z]iie) = 2]z, a(2)]se
a2z, 2]) = 2[z, 1 + oy + 32]14e
a(2x) = 2¢1(z, T)iie + 2¢2]2, Yliie + 2¢3]2, 2]1ie
2(a1z + agy + azz) = 4esx
amT + agy + azz = 2c3w
which implies (a1 — 2¢3)z + asy + azz = 0, and thus a; — 2¢3 = 0,a9 = 0, and
az = 0 since z,y, and z are linearly independent. Therefore a; = 2¢3,a, = 0,
and az = 0.
Note that the identities o[z, x]j.) = 2[x, @(2)]ie, @[z, Ylie) = [z, ¥(y)]ie +

[a(x), ylue and o([y, ylue) = 2[y, a(y)|ue yield 0 = 0. In summary, a;
2c3,a0 = 0,a3 = 0, and b3 = 0.

Therefore,
203 b1 C1 010 0 0O 001
o = 0 bg Co :bl 0 00 —|—b2 010 +cC1 000
0 0 c3 0 00 0 00 0 00
a1 ax as

0 00 2 00

+c |0 0 1] +¢c3 |0 0 O

000 0 01

M as



Now, since Leib(g) = () , if « € {1, as, a3, a4, a5} is an inner derivation,
then either (a—L,)(g) C (x) or (a—L,)(g) C (x) . Note that L,(x) = L,(y) =
0 and Ly(2) = —y, and L,(xz) =0, L.(y) =y and L,(z) = x. In this case, o
is an inner derivation because (ay — L,)(g) = (x). a; is an outer derivation
because (oy — Ly)(z) =y ¢ (z) and (a1 — L,)(y) =z —y ¢ (x) . Similarly, o
is an outer derivation because(as — Ly)(2) =2+ vy ¢ (z) and (a3 — L,)(y) =
—y ¢ (). Also, oy is an outer derivation because(ay — Ly)(2) = 2y ¢ (x)

and (ay — L,)(2) = —y ¢ (z). Finally, a5 is an outer derivation because
(a5 = Ly)(2) = 2 —y ¢ (z) and (a5 — L2)(y) = z —x ¢ (2). O
Proposition 3.10. Let g be the Leibniz algebra spanned by {x,y, z}, whose
nonzero brackets are given by [z,x] = 2z, [y,y] = =, [2,y] = v, [y, 2] = ¥,
and [z,2] = z. Then the set Der"®(g) of Lie-derivations of g is a two-
010
dimensional Lie algebra spanned by the set {ay, s}, where cy = |0 0 11,
00 0
2 01
as = |0 1 0. Moreover, aq is an outer derivation and oo is a special
000

mner derivation.

Proof. Let a € Der"®(g) whose matrix M in the basis {z,y,2} is given
aq b1 C1

by a = [ay by c¢o|. This implies that a(z) = a1z + asy + azz, aly) =
az bz c3

byt + bay + bsz and az) = 12 + oy + c32. Since a € Der"®(g), we must have

a([u, v]ie) = [u, a(v)]ie + [a(w), v]je for u,v € g. It follows that
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Also, a([z,ylie) = [z, a(y)]ue + [a(x), Ylue
o[z, y] + [y, x]) = [2,b12 + bay + bazluic + (017 + a2y + az2, Yluie
(0 +0) = bi[z, e + b2[x, Yluie + b3[z, 2]tic + a1]2, Yluie + a2(y, Ylue
+ a3z, Yie
0= b3(27) + az(27) + az(y — v)
0 = 2(bs + ag)x, which implies b3 = —as.

Also, af[x, z]ie) = [z, a(2)]ue + [a(x), 2]1e
a([z, 2] + [z, 2])
a0+ 2z)

= [z, 1 + oy + c32]pie + |17 + agy + azz, 2)ie
= 1], Tie + [T, Ylue + c3[z, 2]nie + ar [z, 21ie
+ asly, 2)iie + a3z, 2iie
2a1x 4 2a2y + 2a3z = c3(2x) + a1(22) + az(y — y) + az(22)
2a17 + 2a9y + 2a3z = 2c3x 4 2a1x + 2a3x
a1T + Ay + asz = C3T + a1 + asx

which implies (—c3 — a3)x + asy + azz = 0, and thus ¢ + ag = 0,a = 0 and
az = 0 since z, y, and z are linearly independent. Therefore c3 = 0 since
as = 0.

Also, a([y, Ylue) = 2[y, a(y)]uie
a(2ly,y]) = 2[y, b1z + byy + b32]uic
a(2x) = 2b01[y, T)ie + 2b2[Y, Yliie + 203]Y, 2]1ie
2a1x 4 2a9y + 2a3z = 2bo(2x) + 2b3(y — y)
a1 + agy + azz = 2bsx

which implies (a; — 2by)z + asy + agz = 0, and thus a; — 2b; = 0, a2 = 0, and
az = 0 since x, y, and z are linearly independent. Therefore a; = 2bs.

Also, o[y, zluie) = [y, @(2)]ue + [(y), 2luie
a(ly, 2l + [2,9]) = [y, c1x + ey + c32]iie + [012 + bay + b3z, 2]ise
a(—y +y) = aly, Tlie + [y, Ylue + 3y, Zlue + bi[2, Z]ie + ba2[y, 2liie
+ b3 [z, e
0=ca2(22) +c3(y — y) + bi(22) + ba(y — y) + b3(22)
0 = 2cox + 2b1x + 2bsx
0= (cs + by + by)z.
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This implies ¢o — by — b3 = 0, and thus ¢, = by since b = 0.

Finally, a([z, zluc) = 2[2, a(2)]uie
a(2(z, 2]) = 2[z, c1x + c2y + c32ie
a(2x) = 2¢1 [z, T)iie + 2¢2]2, Yliie + 2¢3]2, 2]1ie
2011 + 2a2y + 2a3z = 2¢1(2x) + 2¢2(y — y) + 2¢3(22)
a1T + agy + azz = 2c1x + 2c3w

which implies (a; — 2¢1 — 2¢3)x + asy + azz = 0, and thus a; — 2¢; — 2¢3 =
0,a2 = 0, and a3 = 0. So, a; = 2¢; since c3 = 0. Thus, ¢; = by since a; = 2bs.
In summary, a; = 2by, a2 = 0,a3 = 0,b3 = 0,¢1 = by, co = by, and c3 = 0.

2by by by 010 2 01
Thus, a = 0 b2 b1 = b1 0 0 1 —|—bg 010
0 0 0 000 000

o a2

Now, since Leib(g) = (x), if @ € {a1,as} is an inner derivation, then
either (a—Ly)(g) C (z) or (a—L,)(g) C (z) . Note that L,(x) =0, L,(y) = =
and Ly(z) = —y, and L,(z) = 2z, L,(y) = y and L,(z ) = z. In this case,

oy is a special inner derivation because (ag — L.)(g) = 0. However, a4 is an
outer derivation because (a; — Ly)(2) =2y ¢ (z) and (ay — L,)(y) =x—y ¢
(x). O

Proposition 3.11. Let g be the Leibniz algebra spanned by {x,y, z}, whose
nonzero brackets are given by [2,y] =y and [z,x] = kx where k € R — {0}
Then the set DerL'e(g) of Lie-derivations of g is a two-dimensional Lie algebra

1 00 0 00
spanned by the set {ay, as}, whereay = [0 0 0| ;= |0 1 Of ifk # 1.
000 0 00
And the set Der"ie(g) of Lie-derivations of g is a four-dimensional Lie algebra
100 000
spanned by the set {aq, ag, as, ay}, whereay = [0 0 0 , a3 = |0 1 0],
0 00 0 00
010 0 00
a3 =10 0 0|, anday = |1 0 0| of k =1. Moreover, ay, ag, az and
0 00 0 00

oy are outer derivations.

Proof. Let o € Der"(g) whose matrix M in the basis {z,y,z} is given
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aq b1 C1
by o = |ay by co|. This implies that a(x) = a1z + asy + azz, a(y) =
az by c3
bix 4 byy + bgz and a2) = c12 + coy + c32. Since a € Der™(g), we must have
a([u, v]ie) = [u, a(v)]ie + [a(w), v]je for u,v € g. Tt follows that

o[z, @liie) = 2[x, o(@)]1ze
a(2[x, z]) = 2[x, a1 + asy + asz]je
a(0) = 2aq[x, x)ye + 2a2[x, Yliie + 2a3[z, 2]1ie
0 = 2a3(kx), which implies a3 = 0 since k # 0.

Also, a([7,ylue) = [z, a(y)]iie + [(x), Yliie
a([z,y] + [y, z]) = [z, 012 + boy + bazliie + [a127 + a2y + a32, Yluie
(0 +0) = bi[z, z]ue + ba[z, Yluie + b3[, 2]1ic + 1], Yliie + a2[y, Yluie
+ a3z, Yliie

0 = bs(kx) + az(y), which implies a3 = b3 = 0 since k # 0.

Also, a([z, z]ie) = [z, a(2)]ue + [a(x), 2]1e

al[z, 2] + [z, 2]) = [, 12 + coy + e32]iie + (a1 + a2y + a3z, 2]ue
a(0+ kx) = 1]z, x]e + o[z, Yliie + c3]x, 2]iie + a1, 2]ie
+ aly, 2liie + as(2, 2]
kayx + kasy + kazz = c3(kx) + ai(kx) + as(y).

This implies that —kcgx + as(k — 1)y + kagz = 0, and thus ¢ = 0 and as = 0
if Kk # 1, and ag = 0 since x, y, and z are linearly independent.

aa(y)]lie
z, 01z + boy + b3z]pe
b1y, Tlie + 2021y, Yliie + 2b3[y, 2)iic
bs3(y), which implies b3 = 0.

Also, o[y, 2Juie) = [y, a(2)]ue + [a(y), 2Juze
o[y, 2] + [2,9]) = [y, e + cay + 32 + [br + Doy + b32, 2]jje
a(0+y) = a1y, e + c2[y, Yliie + c3[y, 2Jiie + b1[z, 2)iie + b2[y, 2]iie
+ b3 [z, e
bix + boy + bsz = c3(y) + by (kx) + ba(y).
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This implies that by (1 —k)z — c3y — b3z = 0, and thus by = 0if k # 1, c3 =0,
and b3 = 0 since z, y, and z are linearly independent.

Finally, a([z, z]ue) = 2
a(2[z,z]) =2
2
2

This implies ¢; = 0 and ¢ = 0 since k # 0.
In summary,
GQZOika%l,ag,:O, blz()lfk’;'él, b3:O,01:0,02:0, and03:0.

az 0 0 100 0 00
Thus,if k41, a= |0 by 0| =a; |0 0 O] +b, |0 1 O
0 0 0 0 00 000
However, if k =1, 1 :
a; by 0 100 000 010
a= |ay by 0] =a; |0 O Of+by [0 1T O +b, |0 O O
0 0 0 000 0 00 000
—_—— ~ v ~ —~ v
(o %1 (o) as
0 00
+ay |1 0 O
000
—_———

Notice that a7 and ay are basis elements in both cases. Also, note that
Leib(g) = 0. So, if a € {a1, s, a3, au} is an inner derivation, then o = L, is
a special inner derivation, in which case a(z) = kx where k # 0, a(y) = v,
and a(z) = 0. In this case, oy is an outer derivation because a;(y) =0 # y
and «p is an outer derivation because as(x) = 0 # kx since k # 0. Similarly,
as is an outer derivation because az(z) = 0 # kx since k # 0 and oy is an

outer derivation because ay(z) =y # k.
O

Proposition 3.12. Let g be the Leibniz algebra spanned by {x,y, z}, whose
nonzero brackets are given by [z,x] = x4+ y and [z,y] = y. Then the set
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Dert®(g) of Lie-derivations of g is a two-dimensional Lie algebra spanned by

1 00 000
the set {ay, s}, where a; = |0 1 0|, anday= |1 0 0|. Moreover, a;
0 0O 00O

and oy are outer derivations.

Proof. Let o € Der"(g) whose matrix M in the basis {z,y,z} is given
aq b1 C1

by o = |ay by co|. This implies that a(x) = a1z + asy + azz, a(y) =
az by c3

bix 4 byy + bgz and a2) = c12 + coy + c32. Since a € Der™®(g), we must have

a([u, v]ie) = [u, a(v)]ie + [a(w), v]je for u,v € g. Tt follows that

2[z, a(x)]pe

2z, a1 + asy + asze

a(0) = 2aq [z, x)ye + 2a2[x, Yliie + 2a3[2, 2]1ie
0 =2a3(z +vy)

0 = 2azx + 2a3y, which implies az = 0.

Also, a([z,ylue) = [z, a(y)]ie + [(T), Yliie
al[z,y] + [y, z]) = [, b1 + bay + b32]sie + [a17 + a2y + a3z, ylie
(0 +0) = bi[z, Tiic + b2[2, Yliie + 03[, 2]tic + a1]2, Yluie + a2(y, Ylue
+ a3z, Yliie
0=bs(z+vy)+ as(y)
0 = bgz + (b3 + a3)y, which implies a3 = by = 0.
Also, a([z, 2]iue) = [z, a(2)]ie + [a(x), 2]1e
allz, 2] + [z, 2]) = [z, 12 + coy + c32]iie + [a17 + a2y + a3z, 2]ie
a0+ 2 +y) = aa[z, Tliie + 22, Ylue + ca[z, 2]iie
+ a1[x, 2Jiie + a2ly, 2lie + aslz, 2]

This yields
(a1 +b1)x + (ag + b2)y + (az + b3)z = cs(x + y) + a1(z + y) + a2(y)

i.e. (bl —C3>33+ (b2 —C3 —al)y+ (CL3+b3)Z =0. So b1 —C3 = 0, b2 —C3— a1 = O,
and az + b3 = 0 since x, y, and z are linearly independent. Thus b; = c¢3 and
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bg = 63+CL1.

Also, a(y, Ylie) = 2[y, a(y)]ue
a(2ly,y]) = 2]y, b1z + bay + bsz]ie
a(0) = 2b1[y, x]iie + 2b2[y, yliie + 203[y, 2]sie
0 = 2b3(y), which implies b3 = 0.

Also, a([y, 2lue) = [y, (2)]uie + [(y), 2]uze
ally, z] + [z,9]) = [y, c1x + coy + ¢32]iie + [b1 + bay + b3z, zjie
a0 +y) = a1y, Tliie + 2y, Yliie + csly, 2liie + b1[x, 2]1ie + b2y, 2]1ie
+ bs[z, z]sie
biz + bay + bsz = c3(y) + bi(z + y) + ba(y)
bsz —c3y — by =0
(—cs — b1)y + b3z = 0, which implies ¢3 = —b; and b3 = 0.

) =2[z, a(2)]e

a2z, z]) = 2[z, 12 + coy + 32]14e
a(0) = 2¢1[2, e + 2¢2[2, Yliie + 2¢3[2, 2]1ic
= 2¢1(7 +y) + 2¢2(y)

=12+ (¢1 + ¢2)y, which implies ¢; = ¢ = 0.
In summary,
az = 0,b; = c3,b0 = c3+ay1,b5 =0,¢4 = 0,c90 = 0, and ¢3 = —by, and thus
by =0,c3 =0, and by = a;.

ap 0 0 1 00 000
Thus, = |as a3 0 =a; |0 1 0| 4ay |1 0 O
0 0 O 0 00 000

1
Now, since Leib(g) = 0, if & € {a1, a2} is an inner derivation, then « = L,
is a special inner derivation, in which case a(x) = = + y, a(y) = y, and
a(z) = 0. In this case, ay is an outer derivation because a;(z) = x # x + y
and as is an outer derivation because as(z) =y # x + y.
[

Proposition 3.13. Let g be the Leibniz algebra spanned by {x,y, z}, whose
nonzero brackets are given by [z,x] =y, [z,y] =y, and [z, z] = x. Then the
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set Der™®(g) of Lie-derivations of g is a two-dimensional Lie algebra spanned

0 01 000
by the set {aq, s}, where oy = |1 1 0|, andag = |1 1 1|. Moreover,
0 00 000

oy 1S a special inner derivation and as s an outer derivation.

Proof. Let o € Der"(g) whose matrix M in the basis {z,y,z} is given
aq b1 C1

by a = [ay by co|. This implies that a(z) = a1z + asy + azz, aly) =
az by c3

bix +boy + b3z and a(z) = 12+ oy + c32. Since a € Der®(g), we must have

a([u, v]ie) = [u, a(v)]ue + [a(u), v]je for u,v € g. Tt follows that

Lie(

o[z, zlie) = 2[z, (@)]uie
a(2[x, z]) = 2]z, a1z + agy + azzlje
a(0) = 2aq[x, x]ye + 2a2[x, yliie + 2a3[2, 2]1e
0 = 2a3(y), which implies a3 = 0.

Also, a([z,Ylue) = [, a(y)]ue + [(T), Yliic
al[z,y] + [y, z]) = [, b1 + bay + b32]iie + (a1 + a2y + a3z, yliie
(0 +0) = bi[z, Tiic + b2[x, Yliie + 03[, 2]tic + a1]2, Yuie + a2(y, Ylue
+ as[z, Yluie
0 =1bs(y) + as(y) = (bs + as)y.
This implies b3 + a3 = 0, which implies b3 = 0 since a3z = 0.
Also, a([z, 2]ue) = [z, a(2)]ue + [a(x), 2]1e
af[z, 2] + [z, 2]) = [z, 12 + coy + c32]iie + [a17 + a2y + a3z, 2]
a(0+y) = c1[z, x]e + o[z, Yliie + cslx, 2]e + a1z, 2]1e
+ asly, 2)iie + a3z, 2]iie
b1z + boy + b3z = c3(y) + a1(y) + a(y) + as().
This implies (by — ag)z + (be — c3 — a3 — az)y + b3z = 0, and thus b — a3 = 0,
by —c3 —a; —as = 0, and by = 0 since z, y, and z are linearly independent.
Therefore, by = 0 since a3 = 0, by = ¢3 + a1 + ao, and b3 = 0.
Also, a([y, Ylue) = 2[y, (y)]use
a(2[y,y]) = 2[y, b1w + bay + bsz]uic
a(0) = 2b1[y, e + 2b2[y, Yliie + 203[Y, 2]1ie
0 = 2b3(y), which implies b3 = 0.
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Also, o[y, 2lue) = [y, (2)]ue + [(y), 2]uie
aly, 2] + [2,y]) = [y, el + coy + e32]ie + [brz + bay + 032, 2iie
a0 +y) = a1y, Tlie + c2ly, Yiie + csly, 2lie + b1[x, 2]1ie + b2y, 2]1ie
+ b3 [z, z]ie
b1 + bay + b3z = c3(y) + bi(y) + ba(y) + ba(z)

This implies that (by — bs)z + (—cs — by)y + b3z = 0, and thus b; — b3 = 0,
c3 + by =0, and b3 = 0. Therefore c3 = 0 since by = 0.

Finally, «([z, z]iue) = 2[z, @(2)]e
a(2(z, 2]) = 2[z, 1 + c2y + C32]uie
a(2z) = 2¢1(z, Tle + 2¢2]2, Yliie + 2¢3]2, 2iie
2012 + 2a2y + 2a3z = 2¢1(y) + 2¢2(y) + 2¢3(22)
a1 x + agy + asz = 1y + ¢y + 2c3x

This implies that (a; —2c¢3)z+ (ag—c1 —c2)y+azz = 0, and thus a; —2¢3 = 0,
as —cy —co = 0, and az = 0 since x,y, and z are linearly independent.
Therefore a; = 0 since ¢3 = 0, and ay = ¢ + ¢o.

In summary, a; = 0,(12 = C + Cc,a3 = O,bl = O,bg =c3+a+ay =
c1+ co,b3 =0, and c3 = 0.

0 0 1 0 0 1 0 00
Thus, a = |c;+¢c2 c14+c |l =c |1 1 0 4|1 1 1
0 0 0 0 00 0 00

a1 a2

Now, since Leib(g) = (z), if @ € {a1, a2, a3} is an inner derivation, then
(= L,)(g) C (x). Note that L,(z) =y, L.(y) =y, and L,(z) = x. In this
case, o is a special inner derivation because (a3 — L,)(g) = 0 and as is an
outer derivation because (ag — L,)(2) =y — = ¢ (x).

[l

4 Conclusion

In this paper, we explicitly determine a basis for the Lie algebra DerLie(g) of
every 3-dimensional non-Lie Leibniz algebra. Recall from [3], the following
two-sided ideal of g : [g, g]ie = ({[*, Y]iie,z € ¢,¥ € g}). On one hand, one
can easily verify that the Leibniz algebras 2), 4) and 8) of Theorem 3.1 are the
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only ones in the classification satisfying the condition Leib(g) = [g, g]Lie, and
we obtained in Propositions 3.3, 3.5 and 3.9 that the bases of their respective
Lie algebras Der"(g) of Lie-derivations have each an inner derivation that
is not special. On the other hand, one verifies that all the other Leibniz
algebras in the classification satisfy the condition Leib(g) # [g, gL, and we
obtained in Propositions 3.2, 3.4, 3.6, 3.7, 3.10, 3.11, 3.12 and 3.13, that each
basis element of the respective Lie algebras Der®(g) of Lie-derivations that is
not an outer derivation is a special inner derivation. Consequently we state
the following conjectures:

Proposition 4.1. (Conjecture 1) Let g be a solvable non-Lie Leibniz alge-
bra satisfying the condition Leib(g) = [g, 8liie- The basis of the Lie algebra
DerL'e(g) of Lie-derivations of g admits a non special inner derivation.

Proposition 4.2. (Conjecture 2) Let g be a solvable non-Lie Leibniz alge-
bra satisfying the condition Leib(g) # [g, 8liie- The basis of the Lie algebra
Der®(g) of Lie-derivations of g admits no non-special inner derivation.
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