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Cantor: The Mathematician and the Set 

As with many mathematical ideas, the name of the Cantor Set is misleading. It sounds 

simple, easily understood, and for obvious reasons, as if it was founded by a mathematician 

named Cantor. All of these assumptions about the Cantor Set are, in fact, wrong. The Cantor Set 

is one of paradoxes; and while the construction of this set is simple enough, the conclusions 

drawn from it are very complicated. In this paper we will discuss Georg Cantor’s life, the history 

of the Cantor Set, its construction, and its applications in other areas. For this paper, we are 

under the assumption that we are using the usual topology on the real line, denoted      . 

The Cantor Set came to be after many mathematicians studied other, seemingly unrelated 

topics. The first was Bernhard Riemann who studied the necessary conditions under which a 

function could be integrated.  Hermann Hankel also studied this idea and thought that the ability 

of a function to integrate depended on the nature of that function. He came up with the following 

definition of “nowhere dense”:  

For all     the set of points   at which the function oscillates by more than   in every 

neighborhood of   are nowhere dense functions.  

In comparison, a set   is dense in   if and only if every open set in   contains an element of  . 

By modern definition, a set   is nowhere dense if its closure,     , has empty interior. For 

example, the set of rational numbers is dense on the real numbers because every open interval of 

real numbers contains a rational number. On the other hand, the set of integers ℤ is nowhere 
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dense in the set of real numbers because ℤ  ℤ and thus its closure has empty interior. If its 

closure contains an interval, then the set cannot be nowhere dense. In other words, the 

integers are nowhere dense because most open intervals will not contain an integer.  

Prototypes for nowhere dense subsets of the real line are of the form  
 

   
   

 

.  Georg 

Cantor would later review one of Hankel’s publishings saying that he was impressed with his 

thoughts. Hankel had formed a method of creating functions which were discontinuous on all 

rational points on a given domain. This was believed to inspire Cantor. Hankel also conjectured 

that all nowhere dense subsets of the real line could be enclosed in intervals of arbitrarily small 

length. After H.J.S. Smith studied this topic as well, he proved Hankel wrong about that claim. In 

addition, he constructed nowhere dense sets with this property which were formed by the 

following: 

Let   be any given integer greater than 2. Divide the closed interval       into   

equal parts; exclude the last segment from any more division. Divide each remaining 

    segments into m equal parts and again exclude the last segment. Continue this 

process ad infinitum and we will obtain an infinite number of points of division upon 

[0,1]. These points lie in nowhere dense intervals. 

This discovery led to the development of the generalized Cantor Set. After developing 

nowhere dense sets with positive length, the Cantor Set would obviously seem to follow. The 

generalized Cantor Set is informally defined as: by dividing intervals remaining before the     

step into    equal parts, you will have a nowhere dense set with positive length. Unfortunately, 

Smith’s work did not become popular, so no one knew of his discovery. That is, however, until 

Georg Cantor re-discovered it. 
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A large portion of Georg Cantor’s family history is either unclear or lost. From what we 

do know, however, he was a very intelligent but troubled person. Although the exact date of birth 

is unknown, Georg Cantor’s father, Georg Woldemar Cantor, very much influenced his 

personality. It was recorded of the family history of being in Copenhagen during 1807 when 

there was an attack by the English. It is speculated the family lost everything and moved to 

Russia where relatives lived at the time due to this attack. Georg Woldemar Cantor married 

Maria Anna Böhm on April 12, 1842. Georg Cantor, born March 3, 1845, was the eldest of six 

children. His father also heavily pushed religion, specifically Lutheranism, on him, sending him 

letters at school with matters of religion discussed in each of them. For example, one letter said: 

“May God give you his blessing and good fortune for the examinations 

beginning today… In critical moments of one’s life an unwavering and 

joyous trust in God and a profound, moving prayer to the Almighty Giver 

of all goodness before the start of the day gives stability, courage, and 

self-confidence. And thus commit yourself to God! Be fresh, joyous, and 

cheerful in work!” 

Although his father encouraged Georg to be a man of science and follow in the footsteps 

of his respected teacher, Theodor Schaeffer, Georg was gifted in almost every subject he 

attempted to study. He exceeded in mathematics, botany, and many other sciences. He was 

interested in Shakespeare, formed his own string quartet, and was an excellent artist; although 

there is only one piece that has been preserved over the years.  
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He studied at colleges in Zurich, Gotingen, and Berlin and eventually received his doctorate from 

Berlin in 1869. He went on to teach at the University of Halle in Germany from 1869 until 1905. 

Despite the fact that he was a very successful student, later on in life Georg Cantor 

seemed to struggle with depression. In 1884 he had a serious mental breakdown which led to 

hospitalization after a conflict about solving the continuum hypothesis. This was an idea  

proposed by Georg Cantor in 1878. He claimed that there did not exist an infinite set that had 

cardinality between that of set of integers and the set of real numbers. Mathematicians Kurt 

Gödel and Paul Cohen both proved that no contradictions to this theory would arise when using 

certain types of set theory. However, W. Hugh Woodin found a situation in which the continuum 

hypothesis would be false. Therefore, the continuum hypothesis could neither be proved nor 

disproved, since it depended on which version of set theory is being used, making its validity 

“undecidable.”  

A drawing of a dog under a tree by Georg Cantor 
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After this hospitalization, he was given a Freudian analysis which blamed his mental state 

on his father for implanting anxieties in him as a child. However, this is speculated as a false 

claim since apparently the psychologist did not have access to material to allow him to make this 

claim. There is speculation that Cantor’s bitterness, which caused his mental breakdown, was the 

result of opposition to his work and his efforts to prove the continuum hypothesis. This was one 

of many things that made him feel like he would never be able to be successful in mathematics. 

Regardless, after a swift recovery, he began to start his studies again; however he focused on a 

number of topics instead of just one. He felt this would help with his anxiety and the pressure of 

avoiding failure. His “breakdowns” eventually returned despite his efforts and they became 

worse and more frequent. 

In 1896 his mother died, as did his brother in early 1899. Then something possibly more 

upsetting occurred: on December 16, 1899 his youngest son passed away unexpectedly right 

before his 14
th

 birthday. This, amongst other personal problems, led to his hospitalization from 

another breakdown in 1899. Over the next few years he was in and out of the hospital and 

subsequently relieved of his teaching duties from the University of Halle. His last 

hospitalization, in May of 1917, was highly unaccepted by him. To make matters worse, he was 

not allowed to return home and on January 6 of 1918 he passed away of heart failure.  

In retrospect, it seems that Cantor had a condition of manic depression which instigated 

his “breakdowns.” That is to say, even if he had led a more boring, less intellectual life, the 

breakdowns would have still occurred. Cantor seemed to have fought through mental illness, 

discouragement from his peers, and tragedies and still is recognized as one of the most 

intellectual people known in mathematics and science. His determination to fight these negative 
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aspects of his life and overcome them in order to develop ideas in a variety of subject areas has 

helped advance these fields and has bettered the education of our generation.  

Georg Cantor, while not ill, studied set topology after completing a thesis on number 

theory. He wrote papers on trigonometric series in the early 1870’s and worked with Edward 

Heine in his studies. He defined an “everywhere dense”, or more commonly known today simply 

as a dense, set. The formal definition is as follows: 

“If in the interval      , in which a set of points   is contained,  no subinterval, 

whatever, however small, can be found which does not contain points of  , then the set   

is said to be everywhere dense on the interval      .” 

He also defined a perfect set. In short, a set   is perfect if   is closed and dense in itself. In other 

words, a set   is perfect if      where    is the derived set of  , or the “limit points” of  . A 

limit point   of   is a point such that every open set around it contains at least one point   that 

differs from  . Some examples of perfect sets are the set of real numbers, and perhaps more 

interestingly, the Cantor Set.  

Comparable to Fermat writing his famous last theorem in the margin of a book without 

an explanation of how he founded it, Georg Cantor wrote about the Cantor Set in a footnote of 

his paper without any enlightenment as to its discovery. The Cantor Set is defined as the set of 

real numbers of the form 

   
  

  
 
    , where    is 0 or 2 for each integer  .  

http://mathworld.wolfram.com/OpenSet.html
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The 0 or 2 in the numerator represent which position that point or interval was in when divided 

into 3 segments. To clarify, the far left position is represented by 0, the middle is represented by 

1, and the far right segments are represented by a 2.  

 In order to construct such a set, one must start with the closed interval [0,1]. Divide this 

interval into thirds and remove the middle third segment. (Note that the endpoints of the 

segments are not removed at any step). Thus after one iteration, the remaining set is 

      
 

 
   

 

 
   . 

After a second iteration, dividing each remaining segment into thirds again and removing the 

middle segment, we have 

      
 

 
   

 

 
 
 

 
   

 

 
 
 

 
   

 

 
    

After a third iteration we have: 

      
 

  
   

 

  
 
 

 
   

 

 
 
 

  
   

 

  
 
 

 
   

 

 
 
  

  
   

  

  
 
 

 
   

 

 
 
  

  
   

  

  
    

    

Note that               If we were to continue this process   times, where k is a positive 

integer, we call the remaining set      where    is the union of    closed intervals of length 

   . Cantor Ternary Set is the “limiting set” of this process. This just means we iterate the 

removal process an infinite number of times.  
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Thus we have: 

     
 
    

 

Each element of the ternary set can be written in decimal, ternary expansion of 0s and 2s 

(hence the requirement for a 0 or 2 to be in the numerator of the expansion of the Cantor Set of 

real numbers). Any segment with a 1 in this representation during the process is removed. Our 

end result is an infinite number of intervals removed whose total length adds up to 1. However, 

they were removed from an interval with total length 1. Remember that when we removed 

segments, we leave their endpoints. This means that the remaining set is nonempty. But if we 

removed segments that totaled length 1 from a segment of length 1, it is a contradiction that there 

would there be anything left behind. 

A step by step pictorial representation of the Ternary Cantor Set 
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The set remaining, which is the Cantor Set, has endpoints of each closed interval and an 

infinite number of points that are not the endpoints but that remain regardless. For example, 

 

 
  , but is not an endpoint. There are many interesting properties of the Cantor Set. These sets 

have infinitely many elements and contain no intervals. They are closed, bounded by 0 and 1, 

perfect, and nowhere dense. A set is closed if and only if it is the compliment of an open set. 

Since the Cantor set is      
 
    , its compliment is       

 
    , where   ,   ℤ are open 

intervals. Since the union of open intervals is an open set, then we have shown that the Cantor 

Set is closed. This set also has the cardinality of the set of real numbers, however has length 0. 

This is because all that is left are points, which defined by Euclid are “those which have no 

width.” Therefore, there is no length to a point, and it follows that there is no length to a set of 

points. They also have the property of self similarity which is when a set is exactly similar to a 

part of itself. 

The Cantor Set can be represented in a variety of ways. One is the idea of removal in a 

triangle. If we remove the middle fourth of an equilateral triangle, we are left with three 

triangles. Continue this process ad infinitum and we will have what we call today the Sierpinski 

Triangle. This is named after mathematician Vaclav Sierpinski who described its appearance in 

1915. By looking at the picture below, we can visualize what a self similar set looks like. (Notice 

how a smaller section of this triangle looks the same as the whole triangle.) 
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Similarly, if we remove the middle ninth of a square, we are left with what can be divided into 

more squares. Continue this and we have a self similar set remaining. 

 

 

 

 In conclusion, Georg Cantor was a complicated and very interesting man. He excelled 

and made advancements in an array of subject areas, one of which was mathematics. His ideas 

and discoveries made a huge impact in the progress of discovering mathematics. The Cantor Set 

is, like the mathematician it is named after, one of complication and intrigue. It takes simple 

ideas and uses them together to construct something fascinating.  
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