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Abstract

This paper discusses the examination and study of the principle of math-
ematical induction. Specifically, we are interested in the idea of teaching the
principle of mathematical induction to high school students as a viable proof
method. Our goal for the project was to have the students learn how to write a
correct mathematical proof as well as transition from the computational realm
of mathematics to the theoretical realm. To gather information, a lesson plan
was developed and taught to a class of high school students. We found that
the principle of mathematical induction is a proof method that high school stu-
dents can learn and understand given enough time and the proper approach to
teaching the topic.
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1 Introduction

In many mathematical problems and formulas, we want to prove that some statement
P (n) is true for any value of natural numbers. In many cases, if the statement we
want to show is true, we can use the principle of mathematical induction to guide
our proof. A proof using mathematical induction can be thought of as a row of
falling dominoes. Our statement would be that if we push the first domino, then all
of the dominoes will fall. We would first have to verify that the first domino will
fall; this is understood because we pushed the domino down. After that if for every
domino d ≥ 1 we can prove that the fall of the dth domino makes the next domino
fall, i.e., the (d+1)th domino, we can then be certain that all dominoes will fall [5].

In other words, the principle of mathematical induction helps to prove that a
statement P (n) holds for all n in the set of natural numbers, we must first verify
that it holds for n = 1, also known as the base case. Next, we state our inductive
hypothesis. Here we must prove if there exists a k, such that k ≥ n, for which P (k)
is true, then for this same k, P (k+1) is also true. Since we know the base case P (1)
is true and have proven that P (k + 1) is true for some natural number k, then P (n)
is true for all n ∈ N. This description is formalized in the following theorem.

Theorem 1. Principle of Mathematical Induction Let P (n) denote a state-
ment involving a variable n ∈ N. If

(1) P(1) is true (base case) and

(2) P (k) is true for some natural number k, then P (k+ 1) is also true. (inductive
hypothesis)

Then P (n) is true for all natural numbers n.

Historians of mathematics cannot come to a conclusion as to who first formulated
the principle of mathematical induction. However, it is known that Ancient Greek
mathemeticians used it; for instance, Euclid’s Elements proves the infiniteness of the
set of primes by showing that if there are n primes, there must exist the (n+1)th
prime, as well. However, the precise formulation of the theorem should probably be
credited to Jakob Bernoulli and Blaise Pascal. Giuseppi Peano also introduced the
principle among the axioms of natural numbers in 1889 [5].

In mathematics education, there has been a push for reform and change as it
pertains to standards, curriculum, testing, and teaching methods. The National
Council of Teachers of Mathematics (NCTM) believes there are five Process Stan-
dards that are important to attaining and applying knowledge of the content; one
of these standards is Reasoning and Proof. In the collegiate setting, proof is a chal-
lenging and difficult area of study for mathematics students. The reason students
at the postsecondary level may find it so challenging is because the only type of
proof they have been exposed to up until that point in their academic career are
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high school geometry proofs. Perhaps if students were exposed to one type of proof
method in high school, so as to understand the usefulness of proof, they may have
a better understanding of how to write, formalize, and construct a proof [4]. In
this paper, we researched and studied whether or not the principle of mathematical
induction would be a viable proof technique for students to be able to not only write
correctly but to understand the abstract and theoretical aspect of the proof. In
order to conduct research, I devised a lesson plan and taught it to ten high school
students. In the study, we found that the principle of mathematical induction can
not only be written and constructed correctly by high school students, but it can
also be theoretically understood and explained.

Let’s look at an application of Theorem 1 so we may better understand what
it is saying. Carl Friedrich Gauss (1777-1855) is considered to be one of the most
intelligent mathematicians of all time. Legend has that while Gauss was ten years
old, his teacher gave him and his classmates the seemingly unpleasant task of adding
the integers of 1 to 100. After a few moments pondering the problem, Gauss gave
5050 as the result to the problem. It is believed he considered both the sum 1 +
2 + ... + 100 and its reverse sum 100 + 99 + ... + 1 and added these to obtain
101 + 101 + ... + 101, which has 100 terms and equals 10,100. Then, since he
realized he had added each number twice, he wisely divided that number in half
and obtained the correct solution. This formula can be quite easily generalized to
discover a formula for 1 + 2 + 3 + ... + n, where n ∈ N. Let

P = 1 + 2 + 3 + ... + n. (1)

If we now reverse the order of the terms on the right side of (1), then we have

P = n + (n− 1) + (n− 2) + ... + 1. (2)

Adding (1) and (2), we obtain

2P = (n + 1) + (n + 1) + ... + (n + 1). (3)

Since there are n number of terms on the right side of (3), we know that 2P =

n(n+1). We can then solve for P and obtain P = n(n+1)
2 . Hence, we have discovered

1 + 2 + 3 + ... + n =
n(n + 1)

2
.

This problem will be included in the lesson plan as an exercise for the students to
attempt to prove using mathematical induction. It is also known that there are
different forms and variations of mathematical induction, such as strong induction
(for information on other forms of mathematical induction, see [9]). However, since
the main goal of this project is to research the ability to teach high school students
the principle of mathematical induction, we will focus on the form of mathemati-
cal induction stated in Theorem 1. In the next section, we will examine several
problems that show the effectiveness of the principle of mathematical induction as
a viable proof method.
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2 Examples

There are several different types of problems, equations, and formulas that can be
solved using the principle of mathematical induction. In this section, we will prove
several different types of problems and formulas. A type of formula that the principle
of mathematical induction is useful to help prove is sums of consecutive integers.
Our first example will prove a formula of the sum of natural numbers of the form
4n− 3.

1. Use mathematical induction to prove that

1 + 5 + 9 + · · ·+ (4n− 3) = 2n2 − n

for every positive integer n [1].

Proof.
Let P (n) be the statement 1 + 5 + 9 + · · · + (4n − 3) = 2n2 − n. First we
will verify our base case, P (1). Observe that (4(1) − 3) = 1 = 2(1)2 − 1 = 1.
Thus, we know that P (n) holds for n = 1. Next, assume P (k) is true for some
positive integer k; that is,

1 + 5 + 9 + · · ·+ (4k − 3) = 2k2 − k.

We want to prove that P (k + 1) holds; that is, we want to prove that

1 + 5 + 9 + · · ·+ (4(k + 1)− 3) = 2(k + 1)2 − (k + 1).

Observe the following:

[1 + 5 + 9 + · · ·+ (4k − 3)] + (4(k + 1)− 3) = [2k2 − k] + (4(k + 1)− 3)

[By Inductive Hypothesis]

= 2k2 − k + 4k + 4− 3

= 2k2 + 4k + 2 + 2− 3− k

= 2(k2 + 2k + 1)− k − 1

= 2(k + 1)2 − (k + 1).

Thus P (k + 1) is true. By the principle of mathematical induction, we have
shown that P (n) is true for every positive integer n.

2. Prove that 1 · 2 + 2 · 3 + 3 · 4 + ... + n(n + 1) = n(n+1)(n+2)
3 for every positive

integer n [1].
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Proof.
Let P (n) be the statement 1 ·2+2 ·3+3 ·4+ ...+n(n+1) = n(n+1)(n+2)

3 . First

we will verify our base case, P (1). Observe that 1(1 + 1) = 2 = 1(1+1)(1+2)
3 =

1(2)(3)
3 = 2. Thus, we know that P (n) holds for n = 1. Next, assume P (k) is

true for some positive integer k; that is,

1 · 2 + 2 · 3 + 3 · 4 + ... + k(k + 1) =
k(k + 1)(k + 2)

3
.

We want to prove that P (k + 1) holds; that is, we want to prove that

1 · 2 + 2 · 3 + 3 · 4 + ... + k(k + 1) + (k + 1)(k + 2) =
(k + 1)(k + 2)(k + 3)

3

Observe the following:

[1 · 2 + 2 · 3 + ... + k(k + 1)] + (k + 1)(k + 2) =
[k(k + 1)(k + 2)

3

]
+ (k + 1)(k + 2)

[By Inductive Hypothesis]

=
k(k + 1)(k + 2)

3
+

3(k + 1)(k + 2)

3

=
k(k + 1)(k + 2) + 3(k + 1)(k + 2)

3

=
(k + 1)(k + 2)(k + 3)

3
.

Thus P (k + 1) is true. Therefore, P (n) is true for all positive integers n by
the principle of mathematical induction.

3. Use mathematical induction to prove that 4|(5n − 1) for every nonnegative
integer n [1].

Proof.
We will use the principle of mathematical induction. For the base case, n=0,
the result is true since 5n − 1 = 0 and 4|0. To form our inductive hypothesis,
assume that 4|(5k − 1), where k is a nonnegative integer. We want to show
that 4|(5k+1− 1). Since 4|5k− 1, it follows that there exists an integer m such
that (5k − 1) = 4m. Thus, 5k = 4m− 1. Then

5k+1 − 1 = 5 · 5k − 1 = 5(4m + 1)− 1 = 20m + 4 = 4(5m + 1).

Since 5m + 1 is an integer, it follows that 4|(5n − 1) for every nonnegative
integer n.
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Although these examples are simple, they do show the effectiveness of how pow-
erful the principle of mathematical induction is as a proof method. It is known that
there are much more rigorous and challenging problems that can be solved using
the principle of mathematical induction, however, since the focus of our research is
on the ability to teach this topic to high school students, we showed examples that
would be applicable to those students and their curriculum.

3 Developing a Lesson Plan

Since the early 2000s, there has a been a major push among educators and the
NCTM, the National Council of Teachers in Mathematics, to discuss ways to rede-
velop and rethink the way lessons are being taught in the middle and upper grades.
Traditionally, a lesson would consist of a review of the previous day’s lesson, a quick
lesson on the rules and procedures being taught, and a set of exercise problems for
the students to practice the rules and procedures. The NCTM believes this process
needs to be changed in order to effectively teach students mathematics. The NCTM
also believes reasoning and proof should be an integrated aspect to any solid mathe-
matical lesson plan. Inside of the lesson plan development, there are four main stages
of lesson planning. In order to teach mathematics purposefully, the lesson must be
well-developed and planned. In order to plan a successful and intriguing lesson, Dr.
Panasuk and associates developed the Four Stages of Lesson Planning strategy
[8]. This strategy consists of:

1. Objectives

2. Homework

3. Developmental Activities

4. Mental Mathematics

It is important to note that this strategy is suggested for the developing of a les-
son plan and not for the delivery of a lesson. The Four Stages of Lesson Planning was
developed as a framework for planning instruction to shape and structure the com-
plex process of lesson planning. The Objectives portion of lesson planning consists
of a six-level hierarchy that involves both cognitive behavior and general educational
objectives. These six levels are Knowledge, Comprehension, Application, Analysis,
Synthesis, and Evaluation. Although each of these six levels do not need to be used
in every lesson, it is important to note that there should be at least one of these
in every lesson. Different lessons require different levels of objectives and concepts
that need to be covered [8]. In the lesson designed for mathematical induction, we
will try to get the students to the Analysis level, which means that students will be
able to analyze and explain how and why the principle of mathematical induction
is effective.
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The Homework portion of the Four Stages deal with the assessment of the stu-
dent’s ability. One of the goals of homework is to establish connections between
previous lessons and future ideas [8]. Although we will not be able to assign home-
work during our lesson, it is still an important and useful aspect of planning a
lesson.

Developmental activities are a crucial aspect to any successful lesson plan. Stu-
dents should not be expected to learn the material based on a lecture or following the
behaviors of the teacher’s examples. In order to develop the student’s intellectual
capacity, teachers need to create an environment that promotes intuitive under-
standing. Mathematical lessons need to be designed around a central idea, which
in turn means these ideas must build upon one another using previous terminology,
ideas and concepts [8]. The goal in our lesson is to have students arrive at ideas
and conjectures naturally; however, the amount of time devoted to the topic greatly
hinders the ability to do this.

The final stage is Mental Mathematics. This stage is an integral part of the pro-
cess because it activates prior structures and stimulates and facilitates new learning.
When planning this aspect of the lesson, the teacher needs to design a brief and fast-
paced set of problems that consist of basic elements from previous lessons. Since I
had already been observing in this classroom, we had a good understanding of the
students’ previous knowledge and the type of verbage they could comprehend.

Overall, the Four Stages of Lesson Planning is able to provide teachers with a
tool to bridge the gap between what the students already know and what they need
to know in order to learn new ideas effectively and efficiently.

In the Principles and Standards for School Mathematics, there are five Process
Standards that are meant to highlight ways of attaining and applying content knowl-
edge. The five Process Standards consist of Problem Solving, Reasoning and Proof,
Communication, Connections, and Representations. Since the focus of this paper is
based on teaching the principle of mathematical induction to high school students,
we will focus mainly on the standard of Reasoning and Proof, although some of the
other four may be used inside of the lesson. The NCTM states that mathematical
reasoning and proof “offer powerful ways of developing and expressing insights about
a wide range of phenomena” [7]. Being able to reason and think abstractly is criti-
cal in any mathematics course. Students bring a wide variety of reasoning skills to
the classroom; as a mathematics teacher, we have to be able to help students make
the connection to how students can reason mathematically. By the end of secondary
schooling, students should be able to construct and understand mathematical proofs.
However, most students are generally exposed to mathematical reasoning in their
geometry courses. Proof is a difficult area of study for undergraduate students;
perhaps this is the case because of the lack of exposure in secondary schools. Rea-
soning and proof should be a consistent part of the mathematical curriculum and
experience for high school students [4].
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There has also been research and development specifically about how to teach
the principle of mathematical induction and make it more understandable for high
school students. The principle is taught in Italy to high school level students, and
the topic has been highly debated among the educators in this country. Inside of the
lessons about mathematical induction, there is little time spent on the understanding
of the principle; rather, the majority of the time is spent on students applying the
principle to prove equalities. Research has shown that the hardest parts of the
principle of mathematical induction proofs are: (1) understanding the structure of
the proof, (2) understanding the induction hypothesis, and (3) understanding the
induction step [2].

With all of this in mind, we developed a lesson plan that challenges students
intellectually, abstractly, and theoretically to understand the principle of mathe-
matical induction. The lesson plan will follow the general outline laid out in the
Four Stages of Lesson Planning; the lesson will also integrate ideas from the Princi-
ples and Standards for School Mathematics that discuss the importance of reasoning
and proof, as well as focusing on the three tough areas for students.

4 Summary of the Lesson

The lesson was taught to ten high school students in a PreCalculus class. Infor-
mation was gathered during the lesson by notetaking and collecting an interview
questionnaire filled out by the students. There were two main objectives of the
lesson: (1) to get the students to transition from a computational mindset to a the-
oretical mindset, and (2) to fully understand the principle of mathematical induction
and what it is useful for in the field of mathematics. After stating the objectives and
goals of the lesson, we covered Theorem 1. After the students had written down
the theorem, I posed the question as to why we make the change from n to k. After
having some dialogue with the students, one student stated, “We are assuming k is
true, but we don’t know that for all n.” While the student did take some pushing
to arrive at this fact, it seems that the student had an understanding of why we
are assuming the statement is true for some k and that we need to prove that it is
true for all n. As I observed during my teaching, the students were having trouble
understanding what the theorem was saying. However, once we began looking at
some examples, the students began to understand more of what the theorem was
stating.

After we discussed and wrote down Theorem 1, the students were given a non-
mathematical application of the principle of mathematical induction. A common
explanation of how the principle of mathematical induction works is to think of a
row of dominoes. For a full explanation of the Domino Effect, see the Appendix.
During the explanation of the Domino Effect, there was a discussion about assuming
the first 100 dominoes will fall, and a student stated, “If we show the 101st falls, then
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we know that the 102nd will fall and so on.” This statement by the student shows
that they understand the meaning of the inductive step; this student understands
that if we show that P (k + 1) is true, then we can do the same for the next value
and the next value and so on.

The next part of the lesson included an attempt to make the process more
understandable. I introduced a three-step process to the students to help them
work through the proof technique [6]. This three-step process is drawn out in the
Appendix. This explanation gave the students a good basis as to how to construct
a proper proof by mathematical induction.

The next part of the lesson consisted of two example problems; however, we were
only able to do one of the examples due to time constraints. The example shown to
the student was the following:

1. Using mathematical induction, prove that

1 + 3 + 5 + ... + (2n− 1) = n2

for every positive integer n.

Before I showed the students the problem, I asked them to look at the sum of
consecutive odd positive integers and draw conclusions based on their findings. This
time allowed the students to think inductively about the sum of the numbers and
generalize the statement. The students came to the conclusion that adding consec-
utive odd positive integers results in a perfect square; then together, we developed
the formalized statement and began proving it using the principle of mathematical
induction. The full proof can be seen in the Appendix. During the proof, I urged
the students to explain and predict every step of the proof. The students struggled
with understanding the inductive hypothesis and the inductive step. These struggles
were indicative of the difficulty the students would encounter when they attempted
to do a proof on their own.

The lesson concluded with the students attempting to do a proof by mathemat-
ical induction. They were told a story about famous mathematician Carl Friedrich
Gauss and his development of the formula of the sum of consecutive positive inte-
gers. After the story, the students attempted to prove 1 + 2 + 3 + ... + n = n(n+1)

2
for all positive integers n. The students were allowed to use their notes and their
classmates sitting near them and attempt to prove the statement.

The proofs done by the students were collected, and then the students were given
an interview questionnaire to turn in the next day. The overall results of the study
are discussed in the next section.

5 Results

In order to gather information and collect usable data, we collected the student’s
work from the example done in class. Also, we collected an interview questionnaire
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that had six questions asking the students about their understanding, difficulties,
and ideas about the topic; the questionnaire can be found in the Appendix. Overall,
the results of the study show that the students had a good understanding of how to
write a proof using mathematical induction, and they were able to comprehend the
broad theoretical reasons for proof by mathematical induction; however, we believe
with more time devoted to the topic, the students would be able to arrive at the
theoretical aspects more naturally and independently.

Of the ten students participating in class, we collected six of the student’s proof
for examination and reflectoin. All six of the proofs were written with good mathe-
matical verbage, complete sentences and all of the equations were introduced prop-
erly. The students were able to learn quickly through examples how to write a
professional, collegiate level proof. The part of the proof where most of the students
struggled was the inductive step. We noticed in five of the six proofs collected, the
biggest errors or confusion were in the inductive step. The student’s work can be
seen in Figure 1.

Figure 1: Student’s Proof

We can see that the student had a
solid understanding of the base case, in-
ductive hypothesis, and the final state-
ment that P (n) is true. The student
even understood what they wanted to
prove in the inductive step; that is, the
student understood we needed to show
that 1 + 2 + 3 + ... + k + (k + 1) =
(k+1)((k+1)+1

2 . The student could not
figure out how to get there, however.
Many of the other student’s work was
similar to the work shown.

This fact was also reflected in the
questionnaire; when asked what the
most difficult part of the topic/proof,
the student replied, “The [inductive]
step was kind of confusing because I get

lost on how to put the P (k + 1) in the equation. Every time I try to solve I get to
a stopping point because I don’t know what to cancel to solve.” When asked what
was easy to understand and what was difficult, another student stated, “Everything
except for subsituting ‘n + 1’ into the equation to prove that every natural number
is true.” From these two students’ responses and the proofs done by the students,
we can see that the most difficult part of the proof is the inductive step. However,
there was one student who did the problem exceptionally well. This student’s work
is shown in Figure 2.
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Figure 2: Student’s Proof

We can see that this student wrote
with good mathematical language, used
complete sentences, and included every
critical aspect of a proof by mathemati-
cal induction. This student was able to
complete the inductive step of the proof,
which was the most difficult aspect of
the proof for the rest of the students.

From the lesson, we not only wanted
to assess the students’ ability to write
a proof by mathematical induction, we
were also interested in the students’
theoretical understanding of the princi-
ple of mathematical induction. On the
questionnaire, the first question asked
the students their understanding of the

principle of mathematical induction. One student replied, “It is a way to show that
certain numbers work in an equation.” Another student stated, “It helps you prove a
hypothesis for if an equation is always true or not.” So while the students’ responses
were not in-depth, they did seem to have a solid understanding of the theoretical
aspect of the topic. During the lesson, some students showed better theoretical un-
derstanding. For example, while working through a problem during the lesson, we
reached the inductive hypothesis of the proof. When asked what this step means, a
student replied, “We need to show that the statement is always true...so we assume
P (k) is true.” Although this quote may not seem like much, it shows this student’s
understanding of what the inductive hypothesis represents. Another question posed
to the students during the lesson was why we change from n to k during the proof.
One student responded, “We are assuming k is true, but we don’t know that for all
n in the set of natural numbers.” This student had a great understanding for the
reason we change from n to k during the proof by mathematical induction. Overall,
our results show that the students had a decent theoretical understanding of the
principle of mathematical induction; however, we believe their understanding could
be enhanced.

After our analysis of the lesson, we noticed there are some possible changes that
could be made to the lesson to allow for greater understanding of the principle of
mathematical induction. We believe the greatest contributor to a better under-
standing is more time. If we would have been able to teach this lesson over the
span of two or three class periods, we believe it would have allowed the students to
arrive at their conclusions more naturally and unaided. Inside of the problems given
to the students, most of the equations can be generalized by inductive reasoning,
which is a key aspect of learning [7]. This time would allow for the students to
create their own equations and then prove them using the principle of mathematical
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induction. We attempted to do this during our lesson with the first example. I had
the students recognize that the sum of consecutive odd integers results in a perfect
square. If there would have been more time, we could have represented that fact
geometrically. The portion of the proof we would spend much more time on would
be the inductive step. This portion of the proof was the most challenging for most
of the students; however, this step is merely algebra manipulation once there is an
understanding of the end goal, and we believe the students would be able to execute
this portion given more time dedicated to explaining and practicing the idea. Those
are the three things we would most like to revise and change about this study and
lesson if it were done again.

6 Conclusion

The principle of mathematical induction is considered an upper-level proof style of
mathematics. Most mathematics majors are not exposed to this topic until they
are a couple years into college; however, after studying and examining the responses
of high school students to the topic, the principle of mathematical induction is a
viable proof technique for high school students. The students showed adequate proof
writing skills, the ability to understand the theoretical realm of the topic, and the
potential to complete a proof by mathematical induction. In the questionnaire, the
students were asked if this topic should be taught at the high school level. Five of the
seven students believed this topic could be taught and understood by high school
students. Even though the principle of mathematical induction is not a required
topic for high school level classes, there are places we could introduce it into the
classroom. Most schools have two to three weeks of school left after students take
their AP exams; in an effort to attract potential mathematicians, this time period
could be used teaching an upper-level topic such as the principle of mathematical
induction [3]. With all of the information gathered in our reseach and lesson, we
believe the principle of mathematical induction is a useful, practical and viable proof
technique for high school students to be exposed to in the mathematics classroom.
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Appendix

Below is the Lesson Plan used to teach the class.
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Next, the questions from the interview questionnaire are listed below. The di-
rections were as follows: Answer the questions without your notes and to the best
of your ability.

1. What is your understanding of the Principle of Mathematical Induction? Why
is it useful?

2. In your own words, explain the three steps of a proof by mathematical induc-
tion.

3. What parts of the lesson were easy to understand? What was challenging?
Try to be specific.

4. What would you change about the lesson? What was confusing? Try to be
specific.

5. After learning about this specific proof method, is higher-level mathematics
something you may be interested in studying?

6. How did you think theoretically/abstractly during this lesson?

7. Do you think the topic of mathematical induction should be taught to high
school students? Why or why not?
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