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Abstract. The Inca Empire, although short lived, was a very ad-
vanced civilization. In this presentation we will dive into a unique
form of record keeping with a system of ropes and knots, known
as quipus, that the Incan society used. The intricate system had
mathematical ties that still intrigue researchers. We provide an
example of a modern quipu to illustrate how mathematical infor-
mation may have been encoded.

1. Introduction

The most used form of record keeping for the Inca empire was done
with quipus. Quipu in quechua means knot or to knot [9] and these
knots were on different kinds of cords , generally made out of cotton or
wool [3], which when constructed a certain way would carry information
the creator deemed important. This was more practical than lugging
around ceramics or a large number of textiles across the vast empire.

One thing that is up for debate with researchers is how complex a
quipu can actually be. Some believe that there is only quantitative
data housed in these quipus(e.g. [6]), but there are some who believe
that the series of color combinations and the different plying techniques
may encompass more information than just numbers [8]. That is the
main purpose for this paper.

The first section is the introduction which this description lies in. In
section 2, we discuss the sources which have lead us to have a deeper
understanding of the original functionality of the quipus and why we
can trust their interpretations. In section 3 we give a brief background
on the quipus and their believed purpose. In section 4 we describe the
basic quipu structure and how they are read and we examine some of
the observed mathematical relationships that have been uncovered. In
section 5 we explore how complex a quipu can be by showing how we
can express an IRS 1040EZ tax form in the form of an Andean quipu.

2. Sources

The following information has mainly come from three authors. The
first two being husband and wife, Marcia and Robert Ascher who have
created an online database and written a number of books about qui-
pus. The final author is Garcilaso de la Vega. Vega was born on
April 12th 1539 in Cuzco to a spanish conquistador, captain Sebas-
tian Garcilaso de la Vega, and an Inca princess, Isabel Suarez Chimpu
Ocllo (niece of Inca Huaina Capac) [6]. Since he was of both Inca
and Spanish descent he learned about both cultures. He learned the
Quechua language first and then Spanish and he lived in Peru until he
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was twenty-one when he sailed to Spain to be educated per his fathers
request [4]. The text that we are using from Vega is calledThe Incas:
The Royal Commentaries of the Inca. His text recounts the origins and
rise of the Inca empire, using accounts sent by native friends in Peru
as well as Garcilaso’s own childhood memories which were filled with
stories handed down by Inca relatives [4]. Since we do not have many
recounts of the empire by people who were actually part of the Inca
culture, we are led to put a high regard on Vegas work.

We also have Guaman Poma who is also a native writer “at the
threshold between cultures, who sought to explain Inca life and the
post-conquest abuses of the native population in his chronicle” [5].
Guaman Poma talks about the quipus and their makers, the quipuca-
mao, in his chronicle.

3. Background

It is believe today that quipus can house not only quantitative data,
but they can also include information about genealogies, histories, and
other types of narrative accounts [8]. Sadly we don’t know for sure of
all the different uses a quipu might have, but we can make inferences
with the information available to us. The quipus could have been used
to keep records of store houses across the empire. This would come in
handy, for instance, if a certain sector of the empire was low on a type
of grain then, with the numerical information at hand, whoever was in
charge would have been able to decide how to reallocate the remaining
grain.

We are aware of a few of the uses of some quipus thanks to Garcilaso
de la Vega, who with his unique point of view, recalled people bringing
quipus to his mother (the Incan princess) that he says were used for
records regarding levies and taxes [9]. Although it appears that the
actual computations for these taxes were made using little pebbles and
grains of corn, the information was still recorded on these quipus [9].

We have been able to decipher these quipus because of the supposi-
tion that they use a base 10 positional system. There are two things
that lead us to believe that these quipus are on a base 10 positional
system. The first being that there are almost no knot clusters that
exceed 9 (except some very rare cases) as well as very few long knots
consisting of more than 9 turns, similar to a tally system. The latter
reason is because there have been certain quipus that have been stud-
ied where a top cord which loops a grouping of pendent cords would
have the sum of the pendent cords represented on it [6]. A base 10
positional system is consistent with this observation and scholars agree
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that this is most likely.

4. Quipu Structure and Mathematics

The quipus tend to use four basic types of cords. The Aschers de-
scribe these types in the Introduction on the database. The first type
of cord is the main cord which is a horizontal cord. The next is called a
pendant cord which suspends from the main cord and a top cord which
hangs the opposite direction of the pendant cord. The last being the
subsidiary cord, which can hang off of a top cord or a pendant cord [1].

These cords will have different combination of knots on them to sig-
nify information. We have identified three basic types of knots that are
used, also addressed in the Introduction of the Aschers databook. The
first is a single knot, which is an over handed knot, and we consider
several of these single knots in a row to be a cluster. The second kind
of knot is a long knot. These vary in the number of turns used in their
construction based on the number they are trying to represent. The
last type we will address is a figure eight knot [1]. These knots appear
like a figure eight, hence the name. These are used to separate different
numbers. The long knots tend to represent the singles place and the
clusters of single knots represent different powers of 10. Therefore if we
have a pendent cord that has three single knots in a cluster and then a
space followed by two single knots in a cluster and a long knot with four
turns we will be representing the number 324, that is 3∗100+2∗10+4.

These quipus can represent quantitative information, but there are
also a large number of other things they could represent, including: a
calendar, a census, a family tree, economics, geology, astronomy, and
storehouse inventory.



MATHEMATICS IN KNOTS 5

The knots system on the quipu was advanced for the time, because
the knots did not represent an individual object. Rather the groupings
were symbolic representations. So Leland Locke uses this idea of the
knot clusters to say that quipus use a base 10 positional system. He
observes this when he looks at some quipus that had top cords group-
ing pendant cords together. He noticed that, The top cord sums the
numbers on the pendent cords through which it is looped, thus giving
an accurate key to the numerical character of the knots [6]. With this
holding true for a base 10 positional system we accept this idea. So,
a cluster of knots would represent a certain number and the number
of knots ranged from 0 to 9 for each digit place. The use of symbolic
representation indicates that numbers have become abstracted from
their association with particular objects [3]. This showed that the Inca
people were becoming more advanced in their comprehension of math-
ematics, especially arithmetic. This is apparent in the construction
of these quipus. Their symbolic representation of numbers is sophis-
ticated. As Ascher said, Our ease in translating numbers on quipus
is a tribute to the fact that our early arithmetic education resulted in
our incorporation of the rules of a base 10 positional system [3]. It is
easier for us to decipher the quipus since they have the same positional
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system that we use today, but it was not entirely necessary for the In-
cas to have a positional system since they rarely dealt with very large
numbers.

Several quipus show evidence of division into parts and common ra-
tios. One example from Mathematics of the Incas: Code of the Quipu
would be a quipu which represents a total value of 200 on AS 161 in the
Asher’s Databook. The quipu is split into two cord groups represent-
ing 1

2
of the total, or 100. Then we divide a cord group two pendants.

Each pendant representing 1
2

of the cord group, or 50. We then take
the other cord group and divide it into six pendants, so the pendants
will represent the division of 100 into six approximately even integer
parts. So if we tried to divide 100 into 6 integer parts. The answers
that will be the most accurate is 16, 16, 17, 17, 17, 17 which when added
gives you your 100. [3].

Another example of a quipu with mathematical implications if one
addressed by Marcia Ascher in their article, “Before the Conquest”.
The quipu is in a collection of the Museo Nacional de Anthropologia
y Arqueloǵıa in Lima,Peru. This quipu consists of six groupings of 18
values. If we look at their quantitative representation we can identify
quantitative relationships among the values[2]. For us to define these
relationships better we can call the jth value in the ith set aij where
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i = 1, . . . , 6; j = 1, . . . , 18. When we look at the knots quantitative
interpretation we note the relationships:

a1j = a2j + a3j

and also that

a2j =
6∑

i=4

aij

We can also combine these two equations to get one relation that

a1j =
6∑

i=3

aij

Not only does this quipu hold for these summation relations [2] but we
can also make a summation equation for the subsidiary cords that are
on the pendents in five of the six groupings. So if we have k represent
each specific subsidiary (of which there are 11) we can denote these by
aijk for i = 2, . . . , 6; j = 1, . . . , 18; k = 1, . . . , 11. The relationship for
the subsidiary cords is as follows:

a2jk =
6∑

i=3

aijk for k = 1, . . . , 11; j = 1, . . . , 18

This relation of having sums of sums and sets of sums is seen all through
the modern world. One example would be the accounting scheme of
a business which has multiple departments and each department pro-
duces a variety of products [2].

This is just one example of a possible quipu. Since we know that
quipus differ, we can group all of these together to make a general-
ization. Marcia and Robert Ascher make the claim that quipus can
demonstrate that the body of arithmetic ideas used by the Incas must
have included at a minimum, addition, division into equal parts, di-
vision into simple unequal fractional parts, division into proportional
parts, multiplication of integers by integers, and multiplication of inte-
gers by fractions [3]. We are not completely sure whether this claim is
true, but it would be something that would require further research.

Although there are only about 600 quipus in existence today, there
is still a lot we can learn from these records. Researchers are optimistic
that with time we may be able to decipher these with complete accu-
racy one day. Even though we are not able to do this today we can
still track the improvement of mathematics through this advanced Inca
civilization, learning from their advancements as we go (e.g. [7])
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5. A Modern Day Quipu

It is difficult to know with certainty what data was encoded in a
quipu. Since the Inca did not have a written system there is no way for
us to know with absolute certainty what it would say. For this section
we thought that in order to begin to delve into the possibilities, a good
place to start would be trying to encode our own information into a
quipu and see how we would naturally try to order the information.We
took the standard IRS tax form 1040EZ and filled it out with fictional
information (Appendix A)and tried to express the data in the form of
a quipu (Appendix B).

5.1. Structure. The form itself has almost all of the identification in-
formation at the top of the page as do most standard forms. So we
mimicked this structure in our quipu with the first group of five pendent
cords and their subsidiaries representing the identification information.
Although most modern forms require a name, most of the identification
information can come from a person’s social security number. So we
took all that type of data and represented it by the first pendent cord,
and as a SSN is split into three parts we have ours split into three. The
first subsidiary represents the first 3 numbers (which is a region identi-
fier) ; the second subsidiary represents the next two numbers (which is
a group number inside a region); the pendent cord represents the last
4 digits as they are the most important since that represents the most
specific portion (serial number of a specific person).

This concept is similar to how we structure a telephone number. The
first three digits represent an area code. The next grouping of three
narrows our search a bit more to a specific switch that a phone line
connects to. Then we have the last 4 digits which contain the most spe-
cific information and narrows the search down to a particular phone.
This same type of identification is mimicked in a large portion of our
modern identification systems, including: zip codes, address numbers
on a specific street, student id numbers, banking information, etc.

5.2. The Quantitative Relationships of Cords. As we have ad-
dressed prior to this, there have been some thought provoking quan-
titative relationships found encoded into quipus. Some believe this
may just be by chance and that the Inca might not have been that
sophisticated to created such intricate relationships without a written
language. This is most likely not the case. It may be harder to imag-
ine them having these representations in their data, but it is extremely
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common in modern day that we don’t even realize it most of the time.
We have one such system in our modern quipu (B),and this rela-

tionship has to do with a bank routing number.The Routing Tran-
sit Number is a 9-digit number that is used in the United States to
identify financial institutions. The general form of these numbers is
XXXXYYYYC where XXXX is the Federal Reserve Routing Symbol,
YYYY is the American Bankers Association (ABA) Institution Identi-
fier, and C is the check digit. It is common that we can enter a routing
number or some other number value into an online form and without
even taking the time to run the numbers it can tell us right away that
what we have entered isn’t valid. That is because of these mathemati-
cal relationships that are a type of fail safe to be sure we don’t miss a
number and end up sending something to the wrong place or something
similar. So if we look at the digits of the routing number where the
digits are represented by di for i = 1, ..., 9 where i is the digit number,
we can express their relationship:

3(d1 + d4 + d7) + 7(d2 + d5 + d8) + (d3 + d6 + d9) = 0 mod 10

So we initially take the first three digits in increments of three, so
we have the first, fourth, and seventh. The group is also incremented
by threes but instead of starting with the first digit we start with the
second. Similarly for the last grouping we start with the third digit
and then we added the sixth and the ninth. In our example we have
the routing number: 271984311 (Appendix A). If we put this into the
formula we get that:

3(2 + 9 + 3) + 7(7 + 8 + 1) + (1 + 4 + 1) = 3(14) + 7(16) + 6

= 42 + 112 + 6

= 160

= 0 mod 10

Therefore we can see that we too have these systems of fail safes. These
would have been useful to the Inca as there would have been human
error associated with the quipus as well. They also would have had to
worry about wear and tear, and if they are just read wrong or if they
were knotted wrong in the first place. Therefore to keep the informa-
tion as accurate as possible it is likely they would have employed ideas
such as these into their systems.

We also encode a system in the color coding that we used in our
modern quipu. For data that was added or subtracted to get another
entry, we would twist the strings together with one of the strings be-
ing green if we add it and red if we subtract it and the other color
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corresponded to whichever cord it would add to. For example, in the
tax form (Appendix A) line 4, the adjusted gross income is the added
total from the first 3 lines. So, in our modern quipu (Appendix B) we
have the adjusted gross income represented as a Blue string so then the
three cords that were added to get this total were all made from twist-
ing together the Blue string with a green string to signify the addition.
We also have a single cord that has a mottled pattern with colors that
haven’t been used in any other cord. This leads us to believe that it
may correspond to another quipu somewhere else. This cord represents
line 10 in the tax form (Appendix A) where we are instructed to use
another table to get the entry. This could explain why we may find
some quipus in the same locations and if they have corresponding color
patterns or colors.

As we have shown, a quipu has enough flexibility to encode a mod-
ern IRS form, therefore we can surmise that the Inca would also be
able to create similar, if not more intricate, types of relationships. The
possibilities are endless.
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Form 

1040EZ

Department of the Treasury—Internal Revenue Service

Income Tax Return for Single and 
Joint Filers With No Dependents  (99) 2013 OMB No. 1545-0074

Your first name and initial Last name Your social security number 

If a joint return, spouse’s first name and initial Last name Spouse’s social security number 

Make sure the SSN(s) 
above are correct.

Home address (number and street). If you have a P.O. box, see instructions. Apt. no. 

City, town or post office, state, and ZIP code. If you have a foreign address, also complete spaces below (see instructions). 

Foreign country name                                        Foreign province/state/county                        Foreign postal code   

Presidential Election Campaign
Check here if you, or your spouse if filing 
jointly, want $3 to go to this fund. Checking 
a box below will not change your tax or 
refund. You Spouse

Income
Attach 
Form(s) W-2 
here.

Enclose, but do 
not attach, any 
payment.

1 Wages, salaries, and tips. This should be shown in box 1 of your Form(s) W-2.  
Attach your Form(s) W-2. 1 

2 Taxable interest. If the total is over $1,500, you cannot use Form 1040EZ. 2 

3 Unemployment compensation and Alaska Permanent Fund dividends (see instructions). 3 

4 Add lines 1, 2, and 3. This is your adjusted gross income. 4 
5 If someone can claim you (or your spouse if a joint return) as a dependent, check  

the applicable box(es) below and enter the amount from the worksheet on back.

You Spouse
If no one can claim you (or your spouse if a joint return), enter $10,000 if single; 
$20,000 if married filing jointly. See back for explanation. 5 

6 Subtract line 5 from line 4. If line 5 is larger than line 4, enter -0-.  
This is your taxable income. 6 

Payments, 
Credits, 
and Tax

7 Federal income tax withheld from Form(s) W-2 and 1099. 7 
8a Earned income credit (EIC)  (see instructions). 8a 

b Nontaxable combat pay election. 8b 
9 Add lines 7 and 8a. These are your total payments and credits. 9

10 Tax. Use the amount on line 6 above to find your tax in the tax table in the 
instructions. Then, enter the tax from the table on this line. 10

11a If line 9 is larger than line 10, subtract line 10 from line 9. This is your refund. 
If Form 8888 is attached, check here  11a

Refund
Have it directly 
deposited! See 
instructions and 
fill in 11b, 11c, 
and 11d or 
Form 8888.

b Routing number  c  Type: Checking Savings

d Account number

Amount  
You Owe

12 If line 10 is larger than line 9, subtract line 9 from line 10. This is  
the amount you owe. For details on how to pay, see instructions. 12 

Third Party 
Designee

Do you want to allow another person to discuss this return with the IRS (see instructions)? Yes. Complete below. No

Designee’s 
name          

Phone  
no.       

Personal identification 
number (PIN)               

Sign  
Here
Joint return? See 
instructions.

Keep a copy for 
your records.

Under penalties of perjury, I declare that I have examined this return and, to the best of my knowledge and belief, it is true, correct, and 
accurately lists all amounts and sources of income I received during the tax year. Declaration of preparer (other than the taxpayer) is based 
on all information of which the preparer has any knowledge.
Your signature Date Your occupation Daytime phone number

Spouse’s signature. If a joint return, both must sign. Date Spouse’s occupation If the IRS sent you an Identity Protection 
PIN, enter it  
here (see inst.)

Paid 
Preparer 
Use Only

Print/Type preparer’s name Preparer’s signature Date Check         if  
self-employed

 PTIN

Firm’s name     

Firm’s address 

Firm's EIN  

Phone no. 

For Disclosure, Privacy Act, and Paperwork Reduction Act Notice, see instructions. Cat. No. 11329W Form 1040EZ  (2013)

Sarah Toleson 3 6 0 4 3 5 3 6 2

John Toleson 3 1 8 6 9 4 2 9 1

500 W Franklin St. 1411

Milledgeville, GA, 31061

103,661.

117.

103,778.

19,500.

84,278
43,235.

43,235.

13,129.

30,106.

2 7 1 9 8 4 3 1 1 ✔

         1 1 2 9 2 5 6 7

.



group&1&(1)5)
group&2&(6)8)&T1#threads#through#6,#7#and#8
group&3&(9)10)
group&4&(11)13)&T2&threads&through&11&and&12
group&5&(13)
group&6&(14)
group&7&(15)

cord Knots Color Value Subsidiaries
1 5s;&3s;&6s;&2L AB 5362 &2:0.5)2.0
1s1 3s;&6s AB 360
1s2 4s;&3L AB 43
2 4s;&2s;&9s;&1e AB 4291 2:0.5)2.0
2s1 3s;1s;8s AB 318
2s2 6s;&9L AB 69
3 3s;&1s;&))&;&6s;&1e AB 31061 01:00.5
4 7L AB 1 2:0.5)2.0
4s1 3s;&4s;&2s;&7s AB 2719
4s2 3s;&4s;&8s;&9s AB 8431

5
1s;&1s;&2s;&9s;&2s;&5s;&6s;&
7L AB 11292567

T1 1s;&));&3s;&7s;&7s;&8L PB/PG)BL 103778
6 1s;&));&3s;&6s;&6s;&1e PG)PB 103661
7 1s;&1s;&7L PG)PB 117
8 )) PG)PB 0
9 1s;&9s;&5s;&));&));& SR)BL 19500
10 8s;&4s;&2s;&7s;&8L BL 84278
T2 4s;&3s;&2s;&3s;&5L B/PG)VG 43235
11 4s;&3s;&2s;&3s;&5L PG)B 43235
12 )) PG)B 0
13 )) SY 0
14 1s;&3s;&1s;&2s;&9L YY:GY/SR)VG 13129
15 3s;&));&1s;&));&6L VG 30106
dangle&cord 1s;&));&4s;&)) HP 1040

.
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