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Abstract

The Maximum Independent Set (MIS) problem in graph theory is the task of finding
the largest independent set in a graph, where an independent set is a set of vertices
such that no two vertices are adjacent. There is currently no known efficient algorithm
to find maximum independent sets. We will present a deterministic greedy algorithm
that is an improvement on the general greedy algorithm for MIS. This algorithm is not
valid for all graphs, but conditions where the algorithm fails will be discussed. We will

also briefly discuss the extension of the algorithm to coloring and hypergraphs.

1 Introduction

Definition: A Graph G = (V, E) is a collection of vertices (or nodes) and edges (or lines),
where edges are defined as a set of two vertices.
Note: In this paper we will limit our scope to simple graphs, which only allow one edge

between vertices and vertices in an edge must be unique.



Example 1. Let G = (V, E).
Let V =T1,2,3,4g9, £ = tf1,2g, 2,39, 2, 49, f1, 499

Definition: A vertex v and edge e are incident to each other if v 2 e.
Definition: Vertices u, v are adjacent if they are incident to the same edge.
Definition: The order of a graph, denoted o(G), is the number of vertices in V.

Definition: The size of a graph, denoted s(G), is the number of edges in E.

Definition: The degree of a vertex v, denoted deg(v), is the number of vertices adjacent
to v, or equivalently, the number of edges incident to v. The maximum degree among all

v 2 V is denoted by A(G) and the minimum by §(G).

Definition: An induced subgraph of a graph G is the graph obtained by removing a set

of vertices S and all edges incident to those vertices from G. We will denote this G S.



Definition: An independent set is a set of vertices such that no two vertices in the set are
adjacent. An independent edge set, or matching, is a set of edges such that no two edges
in the set are incident to the same vertex.

Definition: A maximal independent set is an independent set such that if any vertex
not in the set is added to the set it will no longer be an independent set.

Definition: A maximum independent set (MIS) is an independent set such that no other

independent sets of G are larger. The number of elements in a MIS is denoted o(G).

Definition: An algorithm is a set of steps used to process a computation.

Definition: A deterministic algorithm is one that always yields the same output given the
same input. In this context this means that there would be no “ties” when the algorithm is
choosing the next vertex to add to the MIS, unless the choice will not affect the output.
However, a non-deterministic algorithm may not always have a rule to decide between
given vertices. For example, the algorithm may assign probability to determine how to
proceed.

Definition: A greedy algorithm is an algorithm that attempts to find a global optimum
by making the locally optimal choice in each step according to a given rule. The general

greedy algorithm for MIS is non-deterministic. [5]

Figure 1: Here the blue vertices form a maximal independent set and the red vertices form

a maximum independent set.



2 Using greedy algorithm to find the MIS

While there is no efficient algorithm to find the MIS, it can be found by brute force. The

following algorithm finds all maximal independent sets by exhaustion then takes the largest.

Select a vertex v; and add it to a set S;. Take the induced subgraph G N;, where

N is the set of v, and all vertices adjacent to vy.

Select a vertex v, and add it to S;. Take the induced subgraph G =~ N; N, where

N, is the set of v, and all vertices adjacent to v,.

Select a vertex vz and add it to S;. Take the induced subgraph G N; N,  Na,

where N3 is the set of vz and all vertices adjacent to vs.

Continue until the induced subgraph is the null graph. Then S is a maximal indepen-

dent set.

Return to beginning and repeat for S5, Ss, ..., Sy until all permutations of vertices have

been exhausted. Then Sy, S, ...S5,0 contains all maximal independent sets.
It follows that the MIS of G is max(Sy, Sz, ...Sn)-

The greedy algorithm for MIS is similar to the one to construct a single maximal independent
set, but we want to choose vertices in each step such that the resulting set is not just maximal,

but maximum.

Select a vertex of least degree v; and add it to a set S. Take the induced subgraph

G Ni, where Nj is the set of v; and all vertices adjacent to v;.

Select a vertex of least degree v, and add it to S. Take the induced subgraph G N

N, where N, is the set of v, and all vertices adjacent to vs.

Select a vertex of least degree vz and add it to S. Take the induced subgraph G N

N, N3, where N3 is the set of vz and all vertices adjacent to vs.



Continue until no viable vertices remain. Then S is a maximum independent set

(hopefully).

A vertex of least degree (VLD) will have the fewest adjacent vertices, so choosing it in each
step gives us the most possible paths for a single iteration of the algorithm. In other words,
by choosing the VLD we will eliminate the least possible vertices in each step, meaning that
we have more vertices in the induced subgraph and thus more vertices able to be in the MIS.
Least degree is a very strong property, since it directly affects the size of our induced sub-

graphs in each step, and eventually our MIS itself. This leads us to our first conjecture.
Conjecture 1. The MIS must contain a vertex of least degree.

However, now we are left with the natural question: What if two (or more) vertices in the

same step have the same degree? Does it matter which one we choose

In the following graph we will see that it does matter which one we choose.
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We can see that the VLD’s are 1 and 8, so greedy algorithm dictates that we choose one of

them to start.
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If we choose 8, we have the following induced subgraph.

The MIS for this subgraph is 12,13, 14, (2 xor 3 xor 4)g.

So we have an MIS of total size 5.

If we choose 1, we have the following induced subgraph.

The MIS for this subgraph is £5,6,7,9, 10, 11g.

So we have an MIS of total size 7.

Now we have a new question: How do we decide which vertex to pick?



Define: the secondary degree of a vertex v, denoted deg?(v), as the sum of the degrees
of each vertex adjacent to v.

Define: the tertiary degree of a vertex v, denoted deg3(v), as the sum of the degrees of
each vertex adjacent to a vertex adjacent to v, not including vertices already considered in
a lesser degree.

Define: in general, the n*" degree of a vertex v, denoted deg"(v), as the sum of the degrees
of vertices adjacent to the vertices considered for the (n  1)™ degree, not including vertices

already considered in a lesser degree.

Note: We will retroactively rename the degree of a vertex to be the primary degree.
Note: If there are no viable vertices adjacent to the ones considered in the (n  1)™ degree,

then deg(v) =0 for all k& n.

The following is a demonstration of these definitions. The red vertices are the vertices whose
degrees are being considered in each step and the labels next to the vertices are their primary

degrees.




3 Improving the greedy algorithm

Now that we have defined these terms, we are ready to improve the rule of our greedy algo-
rithm. We will modify it so that the algorithm always knows which vertex is best to choose,
or if they are equivalent choices. Now we will return to our previous question: How do we

decide which vertex to pick?

If two vertices, u and v have the same degree, but deg?(u) > deg?(v), then choosing u will
eliminate the same number of vertices as choosing v. However, by eliminating the vertices
with greater total degree, the induced subgraph will be less connected, that is, this subgraph
will have less edges. This implies that the the sum of the degrees of the remaining vertices
will be lower, so in general they will be better candidates to be chosen in the next step than
the vertices that would remain if we had chosen v. These vertices are “better” candidates
because of the strength of the property of lower degree sum.

Now we can return to the previous graph and we see that 1 was the better candidate because
it had a greater secondary degree, meaning 57 is more connected than Sy, so by eliminating

Sy rather than S, the induced subgraph is less connected in a critical area.




Note: It is inconsequential whether or not we include the degree of v itself in the definition
of secondary degree; it will only be applied in the case that two vertices have equal degree
and we are only comparing the sizes of each, so adding or subtracting the same to each will

not affect the outcome.

Now we can create our improved, deterministic, greedy algorithm. It will be the same as the

non-deterministic greedy algorithm except for the improved rule.

Eliminate vertex of least degree from graph and add to MIS. Remove all vertices

adjacent to the VLD and all edges incident to removed vertices.

— If there is more than one vertex of least degree, choose the vertex with the greatest

secondary degree.

If multiple of those vertices have the same secondary degree, choose the vertex

with the least tertiary degree.

In general, if d"(vy) = d"(v2), choose the vertex of greatest (n + 1)™ degree

if n+ 1 is even and the least if n + 1 is odd.

If two vertices have the same n'™ degree for all n then either may be chosen.

Return to step 1 and repeat algorithm on the induced subgraph.
Once the induced subgraph is the null graph, the algorithm ends and we have our MIS.

Conjecture 2. Suppose two vertices have the same n'* degree for all n. Then choosing

either vertex will yield an MIS of the same size.

Note: The MIS’s may contain different vertices.

In the next example we will see the algorithm demonstrated. Note that the above conjecture

holds for this graph. The labels next to each vertex indicate the degree of the vertex.
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Add f3g to MIS. Add f4g to MIS. Add f5g to MIS.
Then MIS=*f3g Then MIS=F3, 49 Then MIS=F3, 4, 59

We can see from this example that it was irrelevant which vertex we started with because
both of them yielded the same MIS.
Unfortunately, this algorithm does not always work [3] [5]. Observe the graph below:

Theorem 1. The MIS does not necessarily contain a vertex of least degree.
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We can see that the algorithm fails on the very first step, because the vertex of least degree
is not in the maximum independent set. In fact, selecting the VLD eliminates the MIS from
the graph. So now we know that our earlier conjecture is false, and we have the above
theorem. Since the greedy algorithm must necessarily fail for this type of counterexample,

we suspect that:

Conjecture 3. This algorithm fails only if greedy algorithm must fail.

4 Extensions

Definition: A graph coloring is a partition of the vertices of a graph into subsets such that
no vertices in the same subset are adjacent. The number of colors needed to color a graph
G is called the chromatic number, denoted x(G). The class of vertices of a certain color

is called a color class.

Note that color classes are a similar concept to independent sets, since a color class is

necessarily independent. This idea leads us to our next conjecture:

Conjecture 4.

Let G be a graph.

Take the MIS of &, denote it M7 and add it to a collection C.

Take the MIS of the induced subgraph G My, denote it M, and add it to C'. Continue
until the induced subgraph is the null graph.

Then C is a partition of G and each M, 2 C is a color class of G such that we have
an optimal coloring of G.
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Counterexample [2] [4]:

Thus we know that our above conjecture is false. Applying the algorithm to this graph we
obtain the coloring on the left, but the coloring on the right is more optimal. Note that the
right graph can also be archived by a different method of MIS extraction, but an example

of a graph where MIS extraction must necessarily fail is [2].

Definition: A hypergraph is a generalization of a graph where an edge need not contain

exactly two vertices.

V = fuy, vy, v3, 14, Vs, V60
E = fel, €2, €3, €40

e1 = Ty, v, 130,

ex = Tuy, 130,

ez = Tug, vs, 60,

es = Tuag

Since edges in a hypergraph are represented by shapes, if we want to find an independent

set we need to find vertices such that none of them are in the same shape as any others.
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