Lie Algebras of Generalized Quaternion Groups

Samantha Clapp
Advisor: Dr. Brandon Samples

Abstract

Every finite group has an associated Lie algebra. Its Lie algebra can be viewed as a
subspace of the group algebra with certain bracket conditions imposed on the elements.
If one calculates the character table for a finite group, the structure of its associated Lie
algebra can be described. In this work, we consider the family of generalized quaternion
groups and describe its associated Lie algebra structure completely.

1 Introduction

The Lie algebra of a group is a useful tool because it is a vector space where linear algebra
is available. It is interesting to consider the Lie algebra structure associated to a specific
group or family of groups. A Lie algebra is simple if its dimension is at least two and it
only has {0} and itself as ideals. Some examples of simple algebras are the classical Lie
algebras: sl(n), sp(n) and o(n) as well as the five exceptional finite dimensional simple Lie
algebras. A direct sum of simple lie algebras is called a semi-simple Lie algebra. Therefore, it
is also interesting to consider if the Lie algebra structure associated with a particular group
is simple or semi-simple. In fact, the Lie algebra structure of a finite group is well known and
given by a theorem of Cohen and Taylor [1]. In this theorem, they specifically describe the
Lie algebra structure using character theory. That is, the associated Lie algebra structure of
a finite group can be described if one calculates the character table for the finite group. In
particular, the quaternions are a way to generalize complex numbers to higher dimensions.
The quaternion group has many scientific applications; for example, aerospace and robotics
engineers use them to model the positions and orientations of planes and robots. In this
paper, we will begin with basic definitions and examples of Lie algebras of quaternions and
then describe the Lie algebra structure of the generalized quaternion group completely.

2 Preliminaries

In order to describe the Lie algebra structure associated with the generalized quaternion
group, we must first consider the definition of a Lie algebra.

Definition 2.1. Let L be a vector space over a field F. Then L is a Lie algebra if it
possesses a bracket operation | , |: L x L — L that satisfies the following axioms:

i. The bracket operation is bilinear.
ii. [z,z] =0 forall z € L.
i, [, [y, 2] + [p, [, 2]) + [2 [0,0]] = 0 (29,2 € ).
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Note that (i.) and (ii.) imply anticommutativity, [z,y] = —[y,z], and (iii.) is called the
Jacobi identity.

With the definition of a Lie algebra, we can consider a few examples. The first is the set of all

1
vectors in R? under the bracket operation of the cross product. Let z,y, 2 € R? with z = |:12:| ,
x3
Y1 21 . . T2Y3 — T3Y2
y = |v2|, and z = |22| . The cross product is defined as the following x X y = |z3y1 — 2133 .
Y3 23 T1Y2 — T2Y1
T2Y3 — T3Y2
Note that z and y are general vectors and = X y = |zsy1 —219s| € R3; therefore, the set of
T1Y2 — T2Y1

vectors in R? is closed under the cross product. Next we will consider the three axioms.

i. First, let a,b € R. Then we have the calculation for bilinearity as follows,

arzz) + bysz1 — ar1z3 — byizs
arizo + by1zo — axszr — byaz

[(az2 + by2)zs — (axs + bys)z2
laz + by, z] = |(az3 + bys)z1 — (az1 + by1)z3
L(

araz3 + byazz — axrzze — byszza
ary +by1)z2 — (az2 + by2)z1

[a(z223 — z322) + b(y223 — Y322)
= |a(z3z1 —x123) + b(y3z1 — y123) | = a[z, 2] + by, 2],
a(z12z2 — v221) + b(y122 — Y221)

and [z,ay + bz] = |z3(ay1 + bz1) — z1(ays + bz3)
|71 (ay2 + bz2) — x2(ay1 + bz1)

x3ay1 + x3bz1 — x1ay3 — w1bz3
r1ay2 + r1bzo — 20y — x2b21

[x2(ays + bz3) — x3(ays + bzg):| |:w2ay3 + xobzg — r3ays — acgbz2:|

[(am2ys — x3y2) + b(zazs — 322)
= |a(z3yr — w1y3) + b(w321 — w123) | = alz,y] + bz, 2].
a(1y2 — z2y1) + b(z122 — T221)

Therefore, the cross product satisfies bilinearity.

ii. Next, consider an element bracketed with itself:

T2Xx3 — TIT2 0
[z,z] = |®3z1 —z123| = |0] .
xT1Ty — T2X1 0

So we have that the second axiom is satisfied.

iii. Consider the Jacobi identity:

Y223 — Yszz2 22X3 — Z3X2 T2Y3 — T3Y2
[z, [y, 2]] + [y, [z, z]] + [z[z,y]]) = |z, |ysz1 —y1z3| | + |y, |23%1 — 2123 | | + |2, |Z3y1 — 21y3
Y122 — Y221 21T2 — 2271 T1Y2 — T2Y1

— x3(y223 — Y322
—x1(ysz1 — Y123

x2(y223 — Y322 ;
—x2(y122 — Y221)
)
)
)

= [wa(yan — Y123

y2(z223 — z322) — y3(z203 — 2372)
+
x1(y122 — Y221

( (
y3(z3x1 — z123) — Y1 (2371 — 2173)
y1(z122 — 22w1) — y2(2122 — 221)

|1

Consequently, the cross product satisfies the Jacobi identity.

— 23(T2y3 — T3Yy2
— z1(23y1 — T1Y3
— z2(z1y2 — 2241

+

z3(x3y1 — T1Y3
z1(z1y2 — 221

—_— e

[22(3?22,!3 — z3Y2



Since we have shown that all of the properties for a Lie algebra are satisfied by the cross
product, then we have that the vectors of Rz with the bracket operation of the cross product
is indeed an example of a Lie algebra.

Next, consider the set of all 2 x 2 matrices of trace zero with entries in C with the bracket
operation being ab — ba is a special linear algebra known as s[(2). Consider the matrices

a= (‘“ a2 ) b= (bl b2 ) cand ¢ = (Cl €2 ) such that the entries are in C. Note a, b, ¢ € s[(2)
a3 —a1 bs —b1 c3  —cC1

and
(a1 as b1 bo _ b1 bo al az
o= S2) G %) -G B) G )
_ (aibi+a2bs  a1by —azbz _ (biai +b2az biaz —baax
azby —ai1bz azbs +a1by bza1 —biraz bzaz + brar

_ (a1b1 + azb3 — bia1 — baasg

a1bs — agbz — braz + baay
azby —aibz —bzai + bias ) € s1(2).

azbz + a1by — bzaz — biay
Thus, we see that s[(2) is closed under the bracket operation. Now consider the three axioms
for a Lie algebra.
First, let m,n € C. The bilinearity calculation is as follows,
+nb
) (@)

. mai + nby
[ma + nb, ] = [(mag + nbs

_ (maic1 + nbic1 + mazcs + nbacs
~ \mascy + nbzc1 + maicz + nbics

cimay + cinby + camas + ncabs
cgmaq + cgnbi — cimas + cinbg

_ (m(aic1 + azes) +n(bic1 + bacs)
m(agc1 + aic3) + n(bsci + bics)

_ ( m(cia1 + c2a3) + n(c1by + c2b3)

m(csa1 — cimag) + n(csby + c1b3)

= mla, c] + n[b, ],

mb1 4+ ney

—a1 )’ \mb3 + ncs
almb1 + aincy + agmbs + nazcs
azmai + azncy — aymbs + aincs

and [a, mb + nc]

mbiay + ncial + mboas + ncaasg
mbsa1 + nczal + mbias + neias

m(a1bi + a2b3) + n(aic1 + azcz)
m(a3a1 — a1b3) + n(azc1 + aics)

_ (m(bra1 + b2a3z) + n(cra1 + cza3)
m(bzai + bras) + n(cza1 + c1a3)

maice + nbico — mascy + nbacy
masca + nbzco + mayicy + nbicy
cimasz + cinby — camay — conby
cgmasz + cgnbs + cimai + cinby

(a1C2 — agcl) —+ n 6102 + 5261)
m(asca + aic1) +n(bsca + bici)

m(c1az2 — caay 4+ n(c1bal — czbl))

m(czaz + cra1) + n(czbz + c1b1)

mba + nca
—mb1 — ner

a1mbs + aince — aamby — asncy
azmbs + aznca + aymby + aincy
mbiraz + ncias — mboay + nesay
mbzas + ncgas + mbray + necial

m(asba + a1b1) + n(azce + aic

m(braz — b2a1) +n C1a2 + c2a1
m(bzaz + bray) + n(czaz + cra1)

m(aibe2 — a2b1) + n(aica — a261))>
1
) -

Next, consider an element bracketed with itself:

wa= (3 22) (@ o) (

al a2 ai a2\ _ (0 O
az —ai a3 —ai) \O 0/~

mla,b] 4+ nla, c].



iii. Consider the Jacobi identity calculation:

b2

c1
—b1 c3

vl + Ll + e o) = [ 72 20 2)

i Vb c1 co al az \ _ (a1 as
|7 \es —a a3 —aj a3 —aj
+ -C al ag b1 ba - b1 bo
| "\az —ai1/ \bs —b1 bs  —b1

o bacz — cabs
>\ 2bgc1 — 2bic3

[ az2bsz — baas
_67 2

aszb; — 2a1bs3 aszbs — bsas
al
a3

2a1by — 2a2b1):|

as bacs — cobs
—ai 2bsc1 — 2bics

4 [(b1 b2 cea3 — azcs
L by —b1 2csa1; — 2ci1a3
n [[c1  c2 azbs — baas
L\cs —a 2a3b; — 2a1b3 aszbs — bsasg

_ 2a2bszcy — 2asbics — 2azbice + 2azbacy
~ \2as3bscy — 2a3cobz — 4a1bzer + 4arbics
1 2bsczay — 2baciaz — 2bzcras + 2bzcoan
2bscoaz — 2bgascy — 4biczaq + 4bicras
2coa3by — 2coa1b3 — 2c3a1be + 2c3a2b1
2c3azbs — 2c3boasz — 4ciaszby + 4ciaibs

G o)

+

2b1co — 2bacy b
bzca — c3ba >\ 2c3a1 — 2c1a3

2bico — 2bscy _
bsco — c3bo 2bzcy — 2bics
2ciao — 2c2a1 _ coa3 — ascs
c3ag — asca 2csa1 — 2c1as3

2a1b — 2a261) _ (61

b1
b3
1

0 o))

al
as

(
(

coasz — azcy 2crag — 202(11)}

€3a2 — ascz

bacs — cabs az

)

%)

2a1by — 2a2b1
aszbs — bzas

2b162 — 2b261 ail
bsco — c3bo as

2cias — 2coa1 b1
c3az — asca b3
co asbs — baas

7c1> (2a3b1 — 2a1bs3

4a1bico — 4ai1bacy + 2a2bzco — 2azc3ba
2a3bico — 2a3bacy — 2asbzcy + 2asbic3

c3

4bicirag — 4bicoay + 2baczas — 2bsasca
2bgcras — 2bgcaa — 2baczaq + 2bacias

4cia1by — 4ciasby + 2c0a3ba — 2cobzas
2cza1be — 2czagb; — 2c2a3by + 2c0a1 b3

Thus, we have shown that sl(2) satisfies all of the conditions for a Lie algebra.

Since we want to look specifically at the structure of the generalized quaternions, we must
consider the Lie algebra of a finite group. Let G be a finite group. Then the Lie algebra of
G suggested by Plesken, denoted £(G), is a linear span of elements g = g — g~! € G(C) for

every g € GG. The Lie algebra bracket is given by defining
(9.1 = gh — hg

which extends linearly to all of £(G). Also note that g/*\1 = —g and

6. = g~ g~ TR

It follows that £(G) is closed under the Lie bracket operation. In fact one can show that

L(G) is a Lie algebra.

Since we are describing the Lie algebra structure of the generalized quaternions, it follows

that we need to define the generalized quaternions.

Definition 2.2. The generalized quaternion group of order 4n is defined as

Qun = {a,b|a®™ =b"=1,a"=0" blab=0a"),

where n > 2.



With this definition, we can consider the specific example of the quaternion group of order
eight. The restrictions on generators for (g are as follows:

Qs ={a,bla=0b"b"=1a "ba=b"").

We can write the eight elements in the following form: 1,a,a?,a®,b, ab, a®b, a®b. Using the
Lie algebra defined by Plesken, we have that 1 and a? both are their own inverses and a is
the inverse of a®, b is the inverse of a®b, and ab is the inverse of a®b, and therefore £(Qg) is

generated by three elements, a, f), and ab where
a=a—a’, ?):b—a3b, and ab = ab — a2b.
Hence, dim(L£(Qs)) = 3. Now, let ¢ = ab. We have that
[a,b] = 4¢, [¢,a] =4b, [b,é] = 4a.

Note that

0 1] [o 0 10

6 o[t of-and |5 O
is a basis for s[(2) label them A, B, and C|, respectively. We want to show that £(Qs) is
isomorphic to sl(2), so consider the following association:

(@) — —2A+2B = {0 _2}

2 0
¢(b) — 2iA + 2iB = [202 20’}
R -2 0
B(é) — —2C = [ OZ 21} .

It follows,
RGO | B A Y

_[-4i 0] [4 0] _[-8 0
“lo 4 0 —4| |0 8

_[o 4] [o —4i]_[o &
T |40 —4i 0] |8 O

4(b) = ¢([¢,a]),

soro@l=[y 310 -1 ofla b




Hence £(Qs) = sl(2).

In order to describe the associated Lie algebra of a group, it is helpful to define a represen-
tation.

Definition 2.3. A representation of a finite group G on a finite-dimensional complex
vector space V' is a group homomorphism ¢ : G — GL(V).

It is important to note that we can encode essential information about representations in a
condensed form through character values. In fact, complex representations of finite groups
are determined, up to isomorphism, by their characters. Specifically, we define a character
as follows.

Definition 2.4. A character of V is a complex valued-function defined on GG that assigns
to each element, g € GG, the trace of the linear transformation that g induces on V', that is,

x(g9) =Tr(9(g))-

With the definition of a representation, we can consider describing the Lie algebra structure
of a particular group. In fact, if we can calculate certain character and indicator values,
we are able to describe the structure of the Lie algebra for the entire group. That is, we
can know what types of Lie algebras, the number of each type of Lie algebra, as well as
dimensions of each piece that form the irreducible components of the Lie algebra. This
information can be determined through the following theorem.

Theorem 2.5 (Cohen & Taylor, 2007). The Lie algebra L(G) admits the decomposition

L£(G) = Pe(x(1)) & P sp(x(1) & P "al(x(1))

XER XEBp xXEC

where R, &p, and € are the sets of irreducible character of real, sympletic, and complex
types, respectively, and where the prime signifies that there is just one summand gl(x(1)) for
each pair {x,x} from €.

With this theorem, it is important to know more about the character values and indicator
values for a group.

Definition 2.6. The character table of G is a m x m table whose rows correspond to
irreducible group representations and columns correspond to the conjugacy classes of each
element.

Table 1 is the general from of a character table. Note that each entry of the character table
would be of the form x;(gm) = T7(¢(gm)) where each y; is a different representation of the

group.

In order to use the Theorem 2.5, we also need to know how to calculate the indicator value.
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G |C Cy Cs
X1
X2
X3

Table 1: Character Table

Definition 2.7. Let G be a group with a finite-dimensional continuous complex represen-
tation with an associated character y. Then the Frobenius-Schur indicator is defined to

be
ﬁ > x(g?).

geG

Now we can consider the example of (Jg. First, we will calculate one of the indicator values
for Qg. The conjugacy classes for Qg are the following: {e}, {a,a®}, {a®}, {ab, a®b}, {b, a®b}.
Note that the conjugacy classes are important because every element in a conjugacy class
has the same character value, and consequently, the trace of the square of the representation
will also be the same for each element. Therefore, we only need to calculate the trace of the
square of the representation for one element in each conjugacy class and then multiply this
trace by the number of elements in each conjugacy class. Therefore, consider the following
matrix representation correspondence:

s = [ 4] o@ =[5 9 o= [\ %) ot = [ 1.
and our trace values are Tr(¢(e)?) = 2, Tr(¢(a)?) = =2, Tr(¢(a)?) = 2,
Tr(¢(ab)?) = —2, and Tr(¢p(b)?) = —2.

Thus, our indicator value is the following,

LS M) = 224+ 2(-2) + 2+ 2(=2) +2(=2)) = —1.
Gl 2= 8

The remaining four indicator values for Qg are 1; therefore, we have the indicator values for
Qs arranged as [1, 1, 1, 1, -1]. Note we have the character values for Qg in Table 2.

Since by Theorem 2.5, we want (1), we use the values of the first column of the character
table. It follows that we have four ones for the indicator values that pair with four ones
from the character table, which by Theorem 2.5, give us four cases of 0(2), that are zero
dimensional orthogonal representations. Next we have a —1 indicator value that pairs with
a 2 character value. This gives us one case of sp(2) which is a three dimensional simplec-
tic representation that is equal to s[(2). Thus, we have that £(Qs) = sp(2), so L(Qs) = sl(2).

Now consider the example of Q14. The indicator values are [1, 1, 1, 1, 1, -1, -1] for Q145. Note
the character values for (Q1¢ are in Table 3.



Qs | Ci Co C3 Cy Cs
vi| 1 1 1 1 1
2| 1 1 1 -1 -1
sl 1 1 -1 -1 1
val 1 1 1 1 -1
Yvs| 2 2 0 0 0

Table 2: Character Table for Qg

Qs |Gt G C3 C C Co  Cq
1| 1 1 1 1 1 1 1
2|1 -1 -1 1 1 1 -1
xs | 1 -1 1 1 1 -1 1
ol 1 1 -1 1 1 -1 -1
xs| 2 0 0 -2 2 0 0
e | 2 0 V2 0 -2 0 -V2
x| 2 0 -v/2 0 -2 0 V2

Table 3: Character Table for ()14

Note that we have four ones for the indicator values that pair with four ones from the char-
acter table which by Theorem 2.5 give us four cases of o(1), which are zero dimensional
orthogonal representation. Next we have a 1 indicator value that pairs with a 2 character
value. This gives one case of 0(2), which is a one dimensional orthogonal representation.
Since we are working over the complex numbers, this piece is simply a one dimensional com-
plex representation. Next we have two, —1 indicator values that pair with two, 2 character
values. This gives us one case of sp(2) which is a three dimensional simplectic representation.

That is £(Q16) = 5p(2) © 5p(2) © 0(2) = L(Q16) = sl(2) D s1(2) ® C.

3 Main Results

In order to describe the generalized quaternions completely, we need the character and
indicator values. It follows that we must consider matrix representations for the group.
Consider the following proposition:

sl

|
)

are
0 w, 1 ’

generators for the generalized quaternion group.

Proof. Note that b? = (_1 0 > b3 = < 0 1), and b* = (1 O> . Consider

Proposition 3.1. The matrices a = (wn _0) and b = (0 _01>, where w,

0 -1 -1 0 01

o (wn O\ w0\ _(e®m 0 _ (10
“\0 w,) N0 wr) 0 e2r) \0 1)°
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Thus we have that the first condition b* = a®® = [ is satisfied. Note that

w_ fwn O\ _ fwr 0N _[e™ 0\ _ (-1 0
“=\o w,) “\o &) \o &) o —1)

Therefore, we have that the second condition a” = b? is satisfied. Now consider

(6 DE (L HE DG L)

Thus the third condition b='ab = a~! is satisfied. Therefore, we have that the matrices a
and b are generators for the generalized quaternion group.
n

We get other irreducible representations for the quaternions from the powers of this repre-
sentation as proven in the following proposition.

0 1
Then ¢, is a group homomorphism for each {r e N|1 <r <n—1}.

Proposition 3.2. Let ¢, : Qi — GL(2,C) be given by a — (" w() ) and b — <O _01>

Proof. Consider a’b* where {j e N|0<j<n—1} and k € {0,1}, thus a/b* € Q, and
a'b™ where {{ € N|0 <1 <n—1} and m € {0, 1}, thus a'b™ € Q4,. We have the following:

gr . k lr - m '
N R O N

]

Note that this representation does not give us all of the irreducible representations. Thus
we shall also consider another representation given in the following proposition.

Proposition 3.3. The matrices a = (CB" ;), and b = ((1) é), where w, = eﬂTﬂ, are

generators for the generalized quaternion group.

1 0 0 1 1 0
2 __ 3 _ 4 _ :
Prr’OOf. Note that b = (0 1) s b = (1 0), and b = (0 1) . COHSlder

o (wn O\ _ w0\ _ (e 0 _ (10
“\0 w,) N0 wr) 0o ed)  \0 1)

Thus we have that the first condition b* = a®® = [ is satisfied. Note that

w_ (wn ON"_ fwr 0N _ (e 0\ _ (10
“=\o0 w,) ~ o) Vo e2) 0 1)

9



Therefore, we have that the second condition a” = b? is satisfied. Now consider

b_lb_Ol w, 0 01\ (0 wy,\ (0 1\ (w, O
=\ o) o w/)\1 o) \w, 0/\10) T 0 w/)
Thus the third condition b='ab = a~! is satisfied. Therefore, we have that the matrices a
and b are generators for the generalized quaternion group.

]
Note that if we use the odd powers of the representation from Proposition 3.1 up to 2n — 1
and use all of the powers of the representation from Proposition 3.3 up to ”7_2 we get all of

the irreducible representations. Moreover, it will be useful to us to describe the form for the
group elements as seen in the following proposition.

Proposition 3.4. The elements {1,a,a?, ...,a*" "' b, ab, a®b, ..., a*"~'b} represent the 4n dis-
tinct group elements of Q4.

Proof. Let j,k € Z such that 0 < 57 < 2n—1and 0 < k < 2n — 1. It follows from the
definition of the generalized quaternions that j # k, a/ # a*, since a is defined to be of order
a®". Suppose @’ = a*b, thus a’* = b. Since a is a diagonal matrix the powers of a will be a
diagonal matrix. However, b is an off diagonal matrix, consequently a/ # a*b. Now suppose
a’b = a*b, it follows that a/ = a*, which brings us to the first case. Therefore a’b # a*b. [

Further we can describe the conjugacy classes for the group.

Proposition 3.5. Each group has n + 3 conjugacy classes, with representatives

{1}, {a"}, U {a*,a™"} {d"b: k even}, and {a*b: k odd}.

1<k<n

Proof. Let {j € Z]0<J <n—1}and k € {0,1}.

First consider the identity element. It follows that a/b(1)(a?0*)~! = a?b*(1)(a/b*)~ = 1.
Therefore, 1 forms a conjugacy class.

Next consider the element a". There are two cases: k=0 and k = 1.
Case 1: Let k = 0, then we have o/ (a")a™7 = /"7 = a™.
Case 2: Let £ =1 and consider
(a’b)'a"a’b = b ra"7a"a’b

= b tabb tabb ta..b  ab

et ain

:an

10



Therefore, there is a conjugacy class consisting of only a”.

Next we have the element a/. Let {m € Z|0<m <n—1}. Again there are two cases:
E=0andk=1.

Case 1: Let k = 0. It follows that a™a’a™™ = ™ T~™ = aJ.
Case 2: Let k = 1, then we have (a™b) 'a/a™b = b"'a ™a’a™b = b"'a™b = a™7.

Therefore, we have that a/ and a7 form a conjugacy class.

Now consider the elements of the form a’b such that j is even. Let {m € Z |0 < m <n — 1}.
Again there are two cases: k=0 and k = 1.

Case 1: Let k = 0. We have
aa’ba™™ = a™a’bb"a™b
=a"a’a™b
= g/,
Note that 7 + 2m is even.

Case 2: Let £k = 1. It follows that

b ta @’ ba™b = b 'alba™b
= a7 t™ma™b
= q Iy,

Note that —j 4+ 2m is even.

Thus we have that all elements of the form a’b, where j is even form a conjugacy class.

Consider elements of the form a’b such that j is odd. Let {m € Z |0 < m <n —1}. Again
there are two cases: k=0 and k = 1.

Case 1: Let £k = 0. We have

a"a’ba”™ = ama’bb  a™b
=a"a’a™b

= /M.

Note that j + 2m is odd.

11



Case 2: Let k£ = 1. Consider the following

b ta ™a’ba™b = b~ a’ba™b

= a7t ma™p
= q /TPy,
Note that —j + 2m is odd.

Thus we have that all elements of the form a’b, where j is odd form a conjugacy class.

Based on the Proposition 3.4 we have accounted for all of the elements of ()4,. Now we have
that the conjugacy classes are

{1}, {a"}, U {ak,a_k} , {akb  k even} , and {akb Ck odd} .

1<k<n

It follows that a group will have n — 1 conjugacy classes of the form {ak, a‘k}, and we have
four other conjugacy classes. Thus there are n — 1 + 4 = n + 3 conjugacy classes. O]

With this information about the elements, conjugacy classes, and representations we can
calculate the indicator value for each type of representation as seen in the following two
propositions.

Proposition 3.6. The indicator value for Qu, of the representations generated by a =

w, 0 (0 -1 L
(O wﬂ) andb—(l 0) where w, = en , is always -1.

Proof. Let n be a number of the form 2/ where 5 € N and j > 1. Since every element in
a conjugacy class shares the same character value, it follows that y(g?) would be the same
for each element in the same conjugacy classes and by Proposition 3.5 we know what the
conjugacy classes for Q4.

First consider the case {akb t k even}.
Since the trace is same for every element in the conjugacy class consider the case where

0 -1\ /0 -1 -1 0
_ 0 _ 2 _ _ .
k = 0. We have a”b = b. It follows that ¢(b)* = (1 0 > (1 0 ) = ( 0 _1). There

fore, Tr(4(b)?) = —2. Also note that there are n elements in this conjugacy class.

Next consider the class {akb c k odd}. Note that
ki ki
ke [€em 0 0 -1\ 0 —en
gb(a b) - ( 0 el:'Lﬂi) (1 0 ) - (61:;71' O and
0 et 0 et e 0 1 0
kpy2 — . o " . o " = - fnd -
ola’d)” = <e’2” 0 ) (ai” 0 > ( 0 —6°> (0 —1>'




Thus Tr(¢(a*b)?) = —2. Also note that there are n elements in this conjugacy class.

Next consider the conjugacy class {a,a™'}. It follows that

¢(a) = (egf Om-) and
e n

i T 2mg
2 [en O en 0 ) _ [en 0
bla)” = (0 eri”> (0 e:i) B ( 0 eim) '

27 -

Therefore, Tr(¢(a)?) = e + e = Note for the next conjugacy class {a?, a2}, we get
2mi
o(a) = ( ’ 0) and
0 e

¢(a)2: e O_ e 0_ _ e 0_
0 e 0 e 0 e )’

Therefore, Tr(¢(a)?) = ent +en It follows that our conjugacy classes and the correspond-

ing traces are:

—1 2mi —27i
{a,a } en +en
_ Ami —dmi
{a2,a 2} en +en

67 —6mi

{ag,a’?’} en +en

_ _ _ (2n—1)mi —(2n—1)mi
{a2n 2,@ (2n 2)} e - +e -

We can write the identity as

60(7”')
P(e) = ( 0 m’>> and
0 e n
¢(€)2 _ eL:i) 0 60(:> 0 _ eo(zTﬂ) 0
O e 707(7(7”) 0 e 707(17”) O e 70(’37“)
Thus Tr(¢(e)?) = e

We also have the conjugacy class {a"}. That is

¢(a”) = (e ’ Qm> and
0 e

e e 0 e O,_e% 0
¢(a ) - ( O ezﬁz) < 0 e’r::rz) - ( O 62:7”) .
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Thus Tr(g(a")?) = ™ + 75

Now consider the following sum:

0(271i) 0(—271i) 27 A (2n—2)7i —(2n—2)mi

e n +e n +He 1+ei+e4n+en+en+en+ e e
:Z 2W+e_2:”—Zw’”—i—w_r:O—H):O.
r=0 r=0

Thus when calculating the indicator value we have

—4
ZX —2n—2n):—n:—1.
geG n

lgl

2nmi

e n

O

Proposition 3.7. The indicator value for Qu, of the representations generated by a =

wn 0 - O ]. 21 .
(O wﬂ) and b = (1 O)’ where w, = e , is always -1.

Proof. Let n be a number of the form 2/, where j € N and j > 1. Since every element in
a conjugacy class shares the same character value, it follows that y(g?) would be the same
for each element in the same conjugacy classes and by Proposition 3.5 we know what the

conjugacy classes for Q4.

First consider the class {a’“b ck even}.

Since the trace is same for every element in the conjugacy class consider the case where

k = 0. We have a®% — b. Tt follows that ¢(b)2 — (0 1) <0 1) . (1 0). Therefore,

1 0/\1 O 01
Tr(¢p(b)?) = 2. Also note that there are n elements in this conjugacy class.

Next consider the class {akb c k odd}. Note that

2kmi ki
k . € n 0 01 o 0 € n
¢(a b)_< 0 6—2:m'> <1 O) = <€—27I:7ri 0 ) and
N 0 —e®\ _[e® 0\ (1 0
¢<a b> _<e_2§m 0 6-25771‘ 0 N0 €) \0 1)

Thus Tr(4(a*b)?) = 2. Also note that there are n elements in this conjugacy class.
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Next consider the conjugacy class {a,a~'}. It follows that

0
d)(a) = (6 " zm) and
0 e

¢(a)2: et O_ e 0_ _ et 0_
0 eiim 0 eiim 0 e% )

4mi —4

Therefore, Tr(p(a)?) = en +e = Note for the next conjugacy class {a%, a2}, we get

0
¢la) = (6 : —M) and
0 e

4mi 4 1671
o [emn 0 en 0\ _ (e 0
¢<a’> - ( 0 6—i7rz> < 0 e_;l;”> — ( 0 6—157\’1) .

Therefore, Tr(¢(a)?) = e n 4+ e = It follows that our conjugacy classes and the corre-

sponding traces are:

_ 4mi —d4mi
{a,a 1} en +en
_ 167 —167i
{az,a 2} en +e
_ 3671 —367i
{a3,a 3} en +e n
_ _ _ (2n—1)2mi —(2n—1)2m1
{a® 2 a (2n 2)} e  +e .

We can write the identity as

eM 0
P(e) = ( —o<2m'>> and
0 e =

0(2ri) 0(2ri) 0(4ri)
9 e n 0 e n 0 e n 0
Cb(e) = 0 . —0(27i) 0 . —o(2xi) | = 0 . —o0(4ri) | -

0(4mi) 0(—4mi)

Thus Tr(é(e)?) =e » +e

We also have the conjugacy class {a"}. That is

¢(a”) = (en Qm> and
0 e

2nmi 2nmi 4nmi
m2 (e 0 ‘ e n 0 L e n 0 .
¢(a/ ) — ( 0 62:;771) < O 627?#2) — ( 0 64::,771) .
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Thus Tr((a")?) = 5 + 75,

Now consider the following sum:

0(474) 0(—4mi) 4m) Ami —4r 16mi —167i 36mi —36mi (2n—2)27i —(2n—2)2mi

e n +e +en +en —i—en +en +e n +..+e n +e n

n
+ 647;7” + 6—4:71‘1 _ 647;” + 6—477;17“ _ sz’,, + w_2r _ 0 _l_ 0 _ 0
Thus when calculating the indicator value we have

4
ZX 0+2n—|—2n) oy
n

geG

lg]

O

Recall from our earlier examples that £(Qs) = sp(2) = L(Qs) = sl(2) and L(Q1) =
sp(2) @ sp(2) @ 0(2) = L(Q) = sl(2) @ sl(2) @ C. In looking at these examples and
examples of greater n values we see a pattern, which we describe with the following theorem.

Theorem 3.8. Let n = 27, where j € N. The Lie algebra of Qu, is

2i—1 21—1_1

L(Qun) = @5]3 @ 0(2)

k=1

Proof. We know that the odd powers of representations from Proposition 3.1 from 1 to 2n—1
and that all powers of the representations from 1 to ”7_2 from Proposition 3.3 form all the
irreducible representations for ),,. By Proposition 3.6 we have that all of the representations
from Proposition 3.1 have an indicator of -1. Note that the taking the odd powers from 1
to 2n — 1 gives us § representations. However, since n is of the form 27, 5 € N we have 27!
indicator values of -1.

Similarly by Proposition 3.7 we have that all of the representations from Proposition 3.3
have an indicator of 1. Note that since we have "T_Q = % = 2971 — 1. Hence there are
2/=1 — 1 indicator values of 1. Note that we always have 4 one dimensional representations.
The identity for these representations is simply the number 1. In considering the indicator
values for these representations, it is know that for all four the indicator value is 1.

Note that for all the matrix representations x(1) is x of the identity element which will be
the trace of the identity matrix. All of our matrix representations are two dimensional, we
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have that our character value is Tr(x(1)) = 2. Since we have 2/~ representations from the
representations described in Proposition 3.1 and 27~! — 1 representations from the represen-
tations described in 3.3, we have a total of 2271 4+ 2771 —1 =2/ — 1 = n — 1 character values
that are 2. For all four of the one dimensional representations our character value will be 1
since Tr(1) = 1.

It follows that using Theorem 2.5 that the four indicator values of 1 from the one dimensional
representations pair with the four Character values or 1, to give four cases of 0(1) which are
zero dimensional representations. From the two dimensional matrix representations we 277!
indicator values of -1, that pair with 2/=! character values of 2, which from Theorem 2.5 gives
us 2771 cases of sp(2) = s[(2). From the remaining two dimensional matrix representations
we have 271 —1 indicator values of 1 which pair with the remaining 2/~ —1 character values
which are all 2s, thus we have 2/~ — 1 cases of 0(2) = C.

0
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