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Abstract

A fuzzy matrix is a matrix whose entries are real numbers in the interval [0, 1]. We study prop-
erties of fuzzy matrices. Particular attention is given to the case of K-idempotent fuzzy matrices.
We characterize 2-by-2 K-idempotent fuzzy matrices and n-by-n K-idempotent triangular fuzzy
matrices.
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1. Introduction

Fuzzy Matrix Theory was first introduced by Michael G. Thomason in 1977 as a branch of
Fuzzy Set Theory, which was developed by L.A. Zadeh twelve years prior [6]. The motivation
behind Zadeh’s exploration of fuzzy sets was the fact that in physical reality, there exist objects
that cannot be placed under clearly defined criteria of membership. For instance, Zadeh points
to the ”class of all real numbers which are much greater than 1” [7]. It would be impossible to
precisely define such a set of real numbers, and therefore we would consider this to be a fuzzy set.

Fuzzy matrices have applications in a broad spectrum of fields. For instance, fuzzy matrices
have proven very useful within the medical field. Since there is often uncertainty in information
about patients, symptoms, and diagnoses, fuzzy matrices assist in more accurately representing
such uncertainty while also pointing to the most likely candidate for diagnosis. Meenakshi and
Kaliraja, in their work on interval valued fuzzy matrices for medical diagnosis, state that by using
fuzzy matrices with sets of symptoms, diseases, and patients, we can calculate diagnosis scores both
for and against respective diseases [4].

Fuzzy matrices have also been used in the agricultural field to determine crops that are the most
well-suited to a specific patch of land. This takes into consideration the biophysical, economic,
social, and environmental impacts of a given crop [l]. Fuzzy matrices are extremely useful in

dealing with this large amount of information. Like Agriculture and Medicine, any field dealing
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with uncertainty in information and decision-making could possibly benefit from the use of fuzzy

20 matrices.
This paper will be focused on fuzzy matrices and some definitions and propositions related
to them. Topics will include fuzzy matrix operations, fuzzy determinants, fuzzy traces, and

K —idempotence.

2. Fuzzy Matrices

s Definition 2.1. (1) Let A be an n x m matriz defined by

ail a2 - Qi

a1 Q- Gm
A=

|@n1  An2 " Qpm-

The matriz A is a fuzzy matric if and only if a;; € [0,1] for 1 <i<mnand1 <j<m.In
other words, any n X m matriz A is a fuzzy matriz if the elements of A are in the interval
[0,1]. [3

(2) We define fuzzy addition +, fuzzy multiplication -, and fuzzy subtraction — as follows:

a+b = max(a,b),

a-b = min(a,b), and
aifa>b

a—b = /
0ifa<b

s [4]
Proposition 2.2. Let A, B,C be three n X n fuzzy matrices. With the fuzzy addition defined in
Definition 21, we have the following:
(1) A+ B = B+ A (Commutativity),
(2) (A+B)+C=A+(B+C) (Associativity),

s (3) A+0=0+ A=A (Additive Identity).

air a2 - Qin bir bz -+ by 11 €2 -+ Cin

ag1 a2 -+ Q2n bor baa -+ bop c21 C22 -+ Cop
Proof. Let A= | _ . B=1 . ) |,and C =

_anl an2 - ann_ _bnl bn2 tee bnn_ _Cnl Cp2 - Cnn_




(1) Observe the following:

a1 a2 - Qip bin b2 -+ bin
as1 @y -+ aop bor bao - bay
A+B = ] o |+
_anl an2 - ann_ _bnl bn2 te bnn_
max(aj1,b11) max(ajz,bi2) -+ max(ain,bin)
| max(agi, ba1) max(age, biz) -+ max(agn, ban)
| max(an, bp1) max(anz,bn2) -+ max(ann, bun) |
On the other hand,
bir bz -+ bin ail a2 v Glp
bor b2 - b a1 Qg - a2
B+A = | T T+ '
_bnl bn2 te bnn_ _anl an2 - ann_
max(bi1,a11) max(big,ar2) -+ max(bin,ain)
B max(bgl, a21) max(bgg, alg) s max(bgn, agn)
_max(bnh anl) maX(an, an?) T max(bm, ann)_

Thus A+ B = B + A. It follows that the addition of fuzzy matrices is commutative.
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(2) Observe the following:

(A+B)+C

A+ (B+0)

ailx aiz - a
as1 a2 - a4
anl an2 e a

max(ai, bi1)

max (a1, ba1)

| max(an1, bn1)

max(max(aiq, bi1),

max(max(asi, ba1),

max(ai, bi1,c11)

max(az1, bat, €21)

_max(anl, bni, 1)

ail  ai2 A1n
a1 22 azn
_anl an2 Ann
all a2 QA1n
a1 22 Qa2n

max(ai1, b11,¢11)

max(az1, ba1, c21)

_max(anl, bni, Cn1)

max (a1, max(bi, ci1))

max(ag1, max(bay), c21))

c11)

21)

| max(max(ant, bn1), cn1)  max(max(anz, bn2), cn2

max (a2, b12, c12)

max (a2, baz, c22)

max(an2, bp2, Cn2

b12

bao

bn2

max(bi1,c11)

max (b1, c21)

| max(bn1, cn1)

_max(anl, max(bp1,cp1)) max(ane, max(bna, cp2))

max (a2, b2, C12)

max(agz, baz, c22)

max(an2, bn2, Cn2)

n bi1 b1 bin c11 €12 Cln
on ba1 2o bay, c21 €22 Con
+ +

nn bnl bn2 bnn Cnl Cp2 Cnn
max(ai2, b12) max(ain, bin) c11 Cc12 Cln
max(agz, b12) max(azn, bay) C21 €22 Con

+

max(anQ , bn2) max(arwu bnn)_ _Cnl Cn2 Cnn

max(max(aiz, b12), c12)

max(max(agg, b22), c22)

max (a2, max(bi2), c12))

max(age, max(bag, c22))

max(ain, bin, Cin)

max(azn, ban, c2n)

max(ann, bnn, Cnn,)

bin C11 €12

ban €21 C22
_l’_

bnn_ _cnl Cn2

max (b2, c12)

max(boa, ¢12)

max(bn2, ¢n2)

max(ain, bin, Cin)

max(azn, ban, C2n)

max ( Ann, bnn > Cnn, )

Cln

Con

Cnn

max(bip, cin)

max(bay,, C2,)

max (bpn, Cun)

max(max(ain, bin), C1n)

max(max(azn, ban ), c2n)

max(max(ann, bun), Cnn)

max(a1y, max(bin, c1n))

max(agy,, max (b, o))

max(ann, maX(bnrw Cnn) )




Thus (A+ B)+C = A+ (B+ C). It follows that addition of fuzzy matrices is associative.

(3) Observe the following:

air a2 ain
az a2 as 0
A+0 N
| @nl  Gn2 Ann | _O 0_
_max(all, 0) max(a2,0) max(ain, O)_
max(az1,0) max(asg,0)

| max(an1,0)

max(an2,0)

max(anp, 0)

ailx ai2 A1n
az1 a2 A2
anl Aan2 Ann-

55 Thus A+ 0 = A. Since fuzzy matrix addition is commutative (Property 1), it follows that A+ 0 =
0+A=A. O

Proposition 2.3. Let A be an n X n fuzzy matriz. With the fuzzy subtraction defined in Defi-
nition 2.1, we have the following:
(1) 0—A=0,

50 (2) A—A=0,

(3) A—0=A4,
-CL11 a12 aln_
Proof. Let A= a1 e (o
[ an1 an2 Qnn |




(1) Observe the following:

ailz a2 - A1n
00 - 0 a G2 - Q2p
0—-A = -
00 -0 an1 Gp2 - Qnn
0—@11 0—&12 O—Clln
0—@21 0—(122 O—QQn
O—ap1 O0—aps -+ 0—ap,
0 0
0 0 0
= 0.
55 Thus 0 — A =0.
(2) Observe the following:
ayilr a2 - A1n ail a2 - Aln
a1 a2 - a2n a1 a2 - a2n
A—A = _
_anl Qp2 - ann_ _anl an2 - ann_
ail — ail a2 — ai2 o A1n — A1n
a1 — a1 a2 — a2 - a2n — A2n
| @nl — Gnl  Qn2 — an2  ***  Gnp — Gnp |
0 0 0

Thus A — A =0.

(3) Let i,j € Z*. Note that for any 1 < i,j < n, a;; > 0. Suppose a;; > 0. Observe the
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70

following:

ai

a1

Gnl

a2

a22

an2

aln

a2n

ann

a11—0 a12—0

a21—0 CLQQ—O

anl—O anz—O

0

_0 0
aln—O
agn — 0
Apn — 0

ail ai2 ain
a1 a2 a2n
| @nl  Gn2 Ann |
= A.

In other words, a;; — 0 = a;; since a;; > 0. Now suppose a;; = 0. Then a;; — 0 = 0 = a;; since
a;; <0. Thus A -0 = A. O

Lemma 2.4. The fuzzy multiplication is distributive with respect to the fuzzy addition. In other

words, if a,b, ¢ € [0,1], then a(b+c) = ab+ac; that is, min(a, max(b, ¢)) = max(min(a, b), min(a, c)).

Proof. Let a,b,c € [0,1]. It suffices to consider the following six cases:

For example, for case (1), we have:

a(b+c¢) = min(a, max(b,c))
= min(a,c)

= Q.



On the other hand,

Thus case (1) is proved. The proofs of the other five cases are similar to case (1).

ab + ac

max(min(a, b), min(a, c))

max(a, a)

a.

O]

75 Proposition 2.5. Let A, B,C be n X n fuzzy matrices. Then with the fuzzy operations we have:

(1) A-0=0-A4=0,

(2) A(B+C) = AB+ AC, (Distributive)

(3) A-I=1-A= A (Multiplicative Identity)

(4) (AB)C = A(BC) (Associativity).

so  Proof. Let A =

ai

a21

Gnl

a2

a22

an2

aln

a2n

ann_

b1 b2
bo1 D22
bnl bn2

bnn_

be fuzzy matrices, and let i, € Z7. (1) Observe the following:

ail

a21

Gnl

T11

21

ITnl

a2

a22

an2

T12

Z22

Tn2

aln

a2n

Tnn

0 0

,and C' =

C11

C21

Cnl

C12

C22

Cn2

Cin

Con

Cnn

where for each 1 < i,j < n, z;;; = max{min(a;,0),1 < k < n}. Note that a;; > 0, and therefore
min(ax, 0) = 0. It follows that x;; = 0.



On the other hand, we have:

0-A =
0 0 0
T11 T12
21 X22
Inl Tn2

ai

a21

Gnl

Tin

T2n

Tnn

@12

a22

An2

a1n

a2n

ann

s where for each 1 <4,j < n, z;; = max{min(0, ay;),1 < k < n}. Note that az; > 0, and therefore

min(0, ay;) = 0. It follows that x;; = 0. Thus, we have that A-0=0-4 = 0.

(2) Let 1 < 4,5 < n. Note that B+ C =

w11 w2 W1in
w21 w22 - Wan
Then A(B + C) =
| Wnl Wn2 -+ Wnn |
X1 T12 o Tln
xro1 T22 Ton

90 note that AB =

_J;nl Tn2 - m’rm_
Yyl Y12 0 Yin

Y21 Y22 - Yo

_ynl Yn2 - ynn_
211 12 Z1n
221 222 22n

| #nl  Zn2 """ Znn |

n, we have:

zi; = max{max(min(a;, by;)), max(min(ax, cx;))}-

V11 V12
V21 V22
Unl Un2

Uin

V2n

Unn

, where w;; = max{min(ax, vg;), 1

, where x;; = max{min(a;,by;), 1 < k

y where Vij = maX(bi]’,Ci]’).

< k < n}. Now

< n}, and AC =

, where y;; = max{min(a;x,cj), 1 < k < n}. It follows that AB + AC =

, where z;; = max{min(x;;,y;;), 1 <k < n}. In other words, for any 1 < k <



Note that w;; = max{min(a, vi;)} = max{min(a;, max(by;,cx;)), 1 <k < n}. It suffices to show
s that w;; = z;;; that is, max{min(z;j,vi;), 1 <k < n} = max{min(a;;, max(bg;,cx;)), 1 < k < n}.
Observe the following;:

zij = max{max(min(a, by;)), max(min(a;, cx;))}
= (aitbyy + aizboj + - - - + aikbr;) + (asic1j + aspcaj + -+ + arcr;)
= (anbij + ancij) + (aipbyy + ajocaj) + - - - + (aikbrj + aikcr;)
= max{min(a, by;), min(ax, cx;)}

By Lemma 2.4] we have that max{min(a;x, by;), min(a;x, cxj)} = min{a;,, max(by;,cx;j)}. Now
observe the following:

Zij = min{aik, maX(bkj7 ck])}
= min(ak, vk;)

= wij.

Thus, z;; = w;j. It follows that A(B+ C) = AB + AC.

10 --- 0
01 --- 0
100 B)Let I=1| | - Observe the following:
00 1
ai; a2 v Qip 10
as1 G9y -+ ap 01 --- 0
AT = "l
Gl G2 Gpn| (00 e 1]
Tl T2 o Tin
| %21 w22 o Tom
|Tnl Tn2 " Tnn

where for each 1 < i <n and 1 < j < n, x;; = max{min(a;;, 1), min(ape,0), 1 < p <n,1 < ¢ <
n,p #1,q # j}. It follows that x;; = max(a;j,0) = a;;. Therefore A -1 = A.

10



On the other hand,

ailp a2 - Aln
1 DY 0 a21 a22 PEEEEY a2n
T A = .

00 - 1 anl Gp2 - Gnn

r11 T2 Tin

xro1 I22 Ton

= )
[Tnl Tn2 "' Tnn

where for each 1 <4 <nand 1 < j < n, 2;; = max{min(1, a;;), min(0,a,,), 1 < p <n,1 < ¢ <
w05 n,pF#i,qFj}. It follows that z;; = max(0,a;j) = a;5. Thus, A- I =1-A=A.

(4) Observe the following:

n

(AB)C = > (AB)icy;
k=1

= > O aimbmr)c;

k=1 m=1

n
= § Aim bmkckj
k,m=1

n

= Z min(@im, bk, Ckj)-
k,m=1

Similarly, observe the following;:

ABC) = Y ax(BC)
k=1

n n
= Y ain(D brmemy)
k=1 m=1
n

= 5 A bkmcmj
km=1
n

= E min(aik, bgm, Cmyj)
km=1
n

= > min(aim, bk, cks)
k,m=1
_ (4AB)C.

Thus (AB)C = A(BC). O

11



110

115

3. Determinants of Square Fuzzy Matrices

Definition 3.1. The determinant |A| of an n x n fuzzy matriz A is defined as

Al = det(A) = D a15()820(2) " Ao (),
gESy

where S,, denotes the symmetric group of all permutations of the indices (1,2,...,n). [4]

0.7 0.1 0.9
Example 3.2. Let A= |0 04 1 |. Then
0.2 0.3 0.5
04 1 0 04
det(A) = 0.7
0.3 0.5 0.2 0.5 0.2 0.3

= 0.7(min(0.4,0.5) + min(1,0.3)) 4+ 0.1(min(0, 0.5) 4+ min(1,0.2)) + 0.9(min(0, 0.3) 4+ min(0.4,0.2))
— 0.7(0.4+0.3) +0.1(0 + 0.2) + 0.9(0 + 0.2)

— 0.7(0.4) +0.1(0.2) + 0.9(0.2)

= 04+4+0.1+0.2

= 04.

Remark 3.3.

(1) Recall that in the case of classical matrices, we alternate between addition and subtraction when
calculating the determinant, but in the case of fuzzy matrices, we only use fuzzy addition.

(2) We have that det(A)det(B) = det(AB). But this is not always true for fuzzy matrices. For

instance, consider the following examples:

0.7 0.1 0.9 0.2 01 0
Example 3.4. Let A=|0 04 1| and B= |0.8 1 0.3| be two fuzzy matrices. Then
0.2 03 0.5 0.4 0.9 04
04 1 0 04
det(A) = 0.7
0.3 0.5 0.2 0.5 0.2 0.3

= 0.7(min(0.4,0.5) + min(1,0.3)) 4 0.1(min(0, 0.5) + min(1, 0.2)) + 0.9(min(0, 0.3) + min(0.4, 0.2))
= 0.7(0.4 + 0.3) +0.1(0 + 0.2) + 0.9(0 + 0.2)

= 0.7(0.4) + 0.1(0.2) + 0.9(0.2)

= 0.4+0.1+0.2

= 04.

12



120 Now observe that

1 03 1 0.8 0.3 0 08 1
09 04 04 04 04 09
= 0.2(min(1,0.4) + min(0.3,0.9)) + 0.1(min(0.8, 0.4) + min(0.3,0.4)) + 0(min(0.8,0.9) + min(1,0.4))
— 0.2(0.4 4 0.3) +0.1(0.4 + 0.3) + 0(0.8 + 0.4)

— 0.2(0.4) +0.1(0.4) + 0(0.8)
= 02+4+01+0

det(B) = 0.2

= 04.

It follows that det(A) - det(B) = min(0.4,0.2) = 0.2. On the other hand;

(0.7 01 09] [02 01 o0
AB = |0 04 1] -l08 1 03
02 03 05| |04 09 04

T11 T12 13
= |®2a1 T22 23
| T31 132 X33
max(0.2,0.1,0.4) max(0.1,0.1,0.9) max(0,0.1,0.4)
= max(0,0.4,0.4)  max(0,0.4,0.9) max(0,0.3,0.4)

max(0.2,0.3,0.5) max(0.1,0.3,0.5) max(0,0.3,0.4)

0.4 0.9 04
= 104 09 04|,

_0.4 0.5 0.4

where

z11 = max(min(0.7,0.2), min(0.1,0.8), min(0.9,0.4)),
12 = max(min(0.7,0.1), min(0.1,1), min(0.9,0.9)),
13 = max(min(0.7,0), min(0.1,0.3), min(0.9,0.4)),
21 = max(min(0,0.2), min(0.4,0.8), min(1,0.4)),
92 = max(min(0,0.1), min(0.4, 1), min(1,0.9)),
x93 = max(min(0,0), min(0.4,0.3), min(1,0.4)),
x31 = max(min(0.2,0.2), min(0.3,0.8), min(0.5,0.4)),
32 = max(min(0.2,0.1), min(0.3,1), min(0.5,0.9)),
x3z3 = max(min(0.2,0), min(0.3,0.3), min(0.5,0.4)).

13



Then

09 04 J04 04) - 104 09
0.5 0.4 04 0.4 04 05
= 0.4(min(0.9,0.4) + min(0.4,0.5)) + 0.9(min(0.4, 0.4) + min(0.4, 0.4)) + 0.4(min(0.4, 0.5) + min(0.9, (

= 0.4(0.440.4) +0.9(0.4 + 0.4) + 0.4(0.4 + 0.4)
= 0.4(0.4) + 0.9(0.4) + 0.4(0.4)
= 04+0.4+04

det(AB) = 0.4

= 04.

Therefore det(A) det(B) = 0.2 # 0.4 = det(AB). Also, note that det(A) + det(B) = 0.4.

125 Now observe the following:

(0.7 0.1 0.9 02 01 0
A+B = |0 04 1|+1]08 1 03
02 03 05 04 09 04

_max(0.7, 0.2) max(0.1,0.1) max(0.9,0)
= max(0,0.8)  max(0.4,1) max(1,0.3)
| max(0.2,0.4) max(0.3,0.9) max(0.5,0.4)

(0.7 01 0.9
- los 1 1
0.4 09 05
1 08 1
det(A+B) = 0.7
09 05 04 0.5 04 09

= 0.7(min(1,0.5) +min(1,0.9)) + 0.1(min(0.8,0.5) + min(1,0.4)) 4+ 0.9(min(0.8,0.9) + min(1,0.4))
— 0.7(0.5 4 0.9) + 0.1(0.5 + 0.4) + 0.9(0.8 + 0.4)

— 0.7(0.9) 4 0.1(0.5) + 0.9(0.8)

= 07+01+038

= 0.8.

Therefore det(A) + det(B) = 0.4 # 0.8 = det(A + B). Thus det(A) + det(B) # det(A + B).

aip aiz - Qip
. a21 Q22 -+ d2p )
Proposition 3.5. Let A = | | o | be an n x n fuzzy matriz. Then det(A) =
| @nl Gn2 -+ Qnn |

det(AT).

14



1o Proof. Let A = all a12]. It follows that det(A) = max(min(ajjage), min(ajzaz;)). Now note
a1 a2
T aip a1 T . .
that A* = . Then det(A") = max(min(ajjaze), min(ajzag;)) = det(A). Now let B =
a2 a2
bir bz b3 bir b2 b3

bor bay bosg| . Then BT = |by byy bso|. Observe the following:

b31 b3za b33 b1z b2z b33
det(4) = by bao  b23 bi2 b3 " bia b3
32 b33 32 b33 bao  bag

Since for any 2 x 2 fuzzy matrix A, we have that det(A) = det(AT), observe the following:

b b b b b b

det(B) = bu| > Pt | T w1
bsa b33 bso b33 baa  b23

b b b b b b

A I L P e

baz b33 b1z b33 b1z ba3

bin ba1 b3
= |bia boa b33

bis a3 b33
= det(BT).

Thus, by iteration, we deduce that det(A) = det(A”T) for any n x n fuzzy matrix A. O
135 4. Traces of Fuzzy Matrices
Proposition 4.1. Let A and B be two n X n fuzzy matrices, and let X\ be a real number such that
A € [0,1]. Then we have the following:
(1) Tr(A) + Tr(B) = Tr(A + B),
(2) Tr(A) = Te(A7),

o (3) Tr(AA) = ATr(A).

ail a2z - Ay bi1 bz -0 big

agy asy -+ Azq bar b2 -+ bop )
Proof. Let A= | ] | and B=| ] | be two fuzzy matrices.

| @nl  Gn2 - Onn _bnl bpa - bnn_

(1) Note that Tr(A) = a11 +age+-- Ay = max(ai1, ag, ..., anp) and Tr(B) = by1+boa+- - by =

15



max(aji, as, ..., any). Then we obtain:

Tr(A) + Tr(B) = max(max(aii, a2, ..., ann), max(bi1, b22, ..., bpyn))

= max(a117a227-"7ann7b117b227'-‘7bnn)'

max (a1, bi1)

A n B max(agl, 521)

| max(an1, bp1)

s It follows that

max (a2, bi2)

maX(CLQQ, 522)

max(an2, bp2)

max (a1, bin)

max(agy,, bay)

max(ann, bnn)

Tr(A+ B) = max(max(aj1,bi1), max(age,b22), ..., max(ann, bnn))

= max(alla blla a2, b22’ ooy Ay bnn)

= max(ai1, a2, ..., Ann, b11, baa, ...

Therefore Tr(A) + Tr(B) = Tr(A + B).

7bnn)

aip  a an1
a2  G22 an2
(2) Note that AT = "1 Thus Tr(AT) = max(ai1,a, ..., ann) = Tr(A).
|@1n  Q2n Qnn |
150 (3) Let A be an n x n fuzzy matrix, and let A\ be a real number in the interval [0,1]. Then

AA = {min(\, a;5) : 1 <i < n,1 < j < n}. It follows that Tr(AA) = max{min(\,a;;)}. Note that
Tr(A) = max{a;;}. Then A Tr(A) = min{\, max(a;;)}. Then by Lemma 24 Tr(AA) = ATr(A4). O

5. K—Idempotent Fuzzy Matrices.

Definition 5.1. A fuzzy matriz A =

ail

a21

Gnl

a12

a22

an2

aln

a2n

ann

155 respect to fuzzy operative, we have K A?K = A, where K =

16

s said to be K—idempotent if, with

0 e 0

0 10| 0
(3]

10 0 0]



1 0.1 0.1
Example 5.2. Let A= (04 1 0.2
0.7 06 0.8
1 01 0.1
tive, KA’ K = 04 1 02
0.7 06 0.8

0 0
and K = |0 1
1 0

. Then, with respect to fuzzy opera-

o O =

. Hence A is a K—idempotent fuzzy matrix.

Proposition 5.3. (Characterization of a 2 x 2 K—idempotent fuzzy matriz)

b
Let A= ] be a 2 x 2 K—idempotent fuzzy matrixz. Then
c
a = d
b = c
b : . 2
Proof. Let A = p be a 2 x 2 K—idempotent matrix. We want KA*K = A, where K =
c
0 1 .
Lol Observe the following;:

A? =

B _max(min(a, a), min(b,
| max(min(c, a), min(d, ¢
- [ max(a, min(b, ¢))
| max(min(c, a), min(d

Now we will compute K A? :
KA* =

_|rn $12]

T21

22
[ max (0, max(min(c,a)))
| max(max(a, min(b, c)), 0)

_max(min(c, a), min(d, c))

max(a, min(b, c))

17

max(a, min(b, ¢))

[0 1] [
|1 0] |max(min(c,a), min(d,c))

max(min(a, b), min(b, d))]

max(min(c, b), d)

max (0, max(min(c, b), d)) ]

max(max(min(a, b), min(b, d)), 0)
max(min(c, b), d) ]

max(min(a, b), min(b, d)) |’



where

11 = max(min(0, max(a, min(b, ¢))), min(1, max(min(c, a), min(d, c)))),
x12 = max(min(0, max(min(a,b), min(b, d))), min(1, max(min(c, b), d))),
x91 = max(min(1, max(a, min(b, c))), min(0, max(min(c, a), min(d, c)))),
92 = max(min(1l, max(min(a,b), min(b,d))), min(0, max(min(c,b), d))).
165 Now we will compute K A%K :
A2k — —max(min(c, a), min(d, c)) max(min(c, b), d) ] [0 1]
max(a, min(b, ¢)) max(min(a, b), min(b,d))| [1 0
_3111 Y12
- Y21 Y22

where

max (0, max(min(c, b), d))
| max (0, max(min(a, b), min(b, d)))
max(min(c, b), d)

| max(min(a, b), min(b, d))

max(max(min(e, a), min(d, ¢), 0)),]
max(max(max(a, min(b, ¢)),0))
max(min(c, a), min(d, c))]

max(a, min(b, ¢))

yi1 = max(min(max(min(c, a),0)), min(max(min(c, b), ), 1))

y12 = max(min(max(min(c,a), 1)), min(max(min(c, b), d))),

yo1 = max(min(max(max(a, min(b, c))),0), min(max(min(a, b), min(b, d)), 1))
oo = max(min(max(max(a, min(b, ¢)), 1)), min(max(a, b), min(b, d), 0))

Thus, we obtain the following:

Cc

d

Since ¢ = max(min(c,b),d), it follows that a > d. Similarly, d = max(a, min(b, ¢)) implies that
d > a. Since a > d and d > a, it follows that a = d. Substituting d for a, observe the following:

b

IN

max(min(c, a), min(d, c))

max(min(c, a), min(a, c))
min(c, a)

C.

18



170

175

180

Similarly,

<

max(min(a, b), min(b, d))

max(min(a,b), min(b, a))

min(a, b)

b.

Since b < ¢ and ¢ < b, it follows that ¢ = b. Therefore the general form of a 2 x 2 K—idempotent

R
fuzzy matrix is [b ]

Remark 5.4. Let A =

a

ai

a21

an1

a12

a22

A2

Qln

A2n

Gnn

and B =

b11

bo1

bnl

b12

bao

bn2

bln

b2n

bnn_

O]

be two K —idempotent

fuzzy matrices. In thez’r_paper 1], Muthugufupackjam and Krishnamohan stated that the following

are true:
(1) det(A) det(B) = det(AB),
(2) det(A) + det(B) = det(A + B).

But a proof is not provided. In the next result, we will prove the case of a 2 x 2 K—idempotent

matriz.

b d
Proposition 5.5. Let A = ] and B = ] be two K—idemptotent fuzzy matrices. Then
a c
det(A + B) = det(A) + det(B) and det(A) det(B) = det(AB).
Proof. Let A = and B = p be two K —idemptotent fuzzy matrices. Then A 4+ B =
a c
a+c b+d . . :
. The determinant of A is given by the following:
b+d a+c
det(A) = max(min(a,a), min(b,d))
= max(a,b)
= a+b.

Similarly, the determinant of B is given by the following:
det(B) = max(min(c,c), min(d,d))
= max(c,d)

= c+d.

19



185

190

195

Thus det(A) + det(B) = a + b+ ¢ + d. Now observe the following:

det(A+ B) = max(min(a+c,a+ c),min(b+d,b+ d))
= max(a+ ¢, b+ d)
= (a+c)+(b+d)
= a+b+c+d
= det(A) + det(B).
Thus det(A) + det(B) = det(A + B).

ac+bd ad+ be

ad+ bc ac+bd
Note that det(A)det(B) = (a + b)(c + d) = min(a + b, c + d). Since the distributive property for

Now we want to show that det(A)det(B) = det(AB). Note that AB =

fuzzy numbers holds, observe the following:
det(A)det(B) = min(a+b,c+d)
= max(min(a, ¢), min(a, d), min(b, c), min(b, d))

= ac+ bd+ ad + be.

det(AB) = (ac+bd)*+ (ad + be)?
= max(min(ac + bd, ac + bd), min(ad + be, ad + bc))
= ac+bd+ad+ be
= det(A)det(B)

Thus det(A) det(B) = det(AB). O

6. Triangular Fuzzy Matrices

ail a2 - Qlp
0 agg - a2
Proposition 6.1. Let A= | 0 0 -+ asp| be an nxn be an upper triangular fuzzy matriz.
0 0 - apn
Then det(A) = 110220433 * * * Apnp-
a1 a2 - Qip
0 ag - a
Proof. Let A= | 0 0 --- a3z,| bean n x n be an upper triangular fuzzy matrix. Observe
0 0 - apm

20



the following:

a2 a3 - A2
0 ass -+ as
det(A) = max | min | ai1,] 0 0 - aun 0
) M
0 0 cee Gpp
Gga a3 -+ Q2p
0 azz -+ a3
= min | ai1,| 0 0 - a4n
0 0 - ap
as3 as4 -+ A3p
0 ags - a4
= min | a11, max | min(agy, | 0 0 - asp||,0
0 0 - amm
as3 asq - A3p
0 aga -+ aun
= min | a1, min | ass,| 0 0 - asp
0 0 Ann,
a33 az4 - A3y
0 ag -+ aun
= min | a11,a2,| 0 0 - as,
0 0 - an

= min (a117a227a337"‘7ann) .

Proposition 6.2. (Characterization of a K—idempotent Triangular n x n Fuzzy Matriz)
Let A be a K—idempotent triangular nxn fuzzy matriz. Then for eachi,j € Z such that1 <1i,j <n

200 and i # j, aj; = 0. Furthermore,

(1) If n is even, then ai = a(pi1—i)(n+1—i)

21



(2) If n is odd, then we have the following:

Proof. Let A =

ail

a12

a22

Aln
a2n

a3n

ann

az2 = O(n-1)(n-1)

be a fuzzy n x n upper triangular matrix. We want to show

22



_0 0 1]
o100
that A = KA?K, where K = | | . Observe the following:
_1 o --- 0 0_
a?, bz biz -+ b
0 a%z b23 bgn
A2 = |0 0 a% - b3,
0 0 0 a,
0 0 ... 0 1] a(%)l bf Zln
a “ e n
00 - 10 2 ?
KA? = | . o000 b,
10 0 0 '
- . 0 0 a2,
[0 0 0 a2 |
2
Un-1)(n-1) Vn-1)(n)
0 a3 - ba(n-1) ban
_a%l bz - bi(n—1) bin |
I 0 0 --- 0 a2, 1 -
2
00 ey be-nm | |,
KAQK _ . . . .
0 a3 ba(n-1) ban L o
(a1 b2 bi(n-1) bin |
- 2 . :
2
bn-1)(n)  Un—1)(n-1)
ban ba(n-1) azy 0
| bin bi(n—1) bz a}y

23




2

205 Recall that for any fuzzy number a, a® = min(a, a) = a. Therefore we obtain the following:

G 0 e 00
bin—1)(n) Un—1)(n—1)

ban b2(n71) a2 0

bin bin—1) - bz an

Now we want to show that A = K A2K:; that is,

ail ai2 -+ Qlp Qnn 0
0 am - am ba-1)m) U 1yno1)
0 0 e a3TL =
: : ban b2(n—1) eoax 0
L 0 o - ann_ i bin bl(n_l) e b 011 |

From the above matrices, we deduce that for each 7,5 € N where 1 <i<m—1and 2 < j <n such
that ¢ # j, bj; = 0 and a;; = 0. Furthermore, we deduce that if n is even, then for each 1 <i <n,

Qi = Q(p41—i)(n+1—i)- 1f 7 is odd, then we obtain the following:

ail] = Qapn
a2 = Q(n-1)(n-1)
Qnzlynzly = Gnf3y(nds)
210 D
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