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1 Abstract

In this paper, we calculate the Lie algebra homology of all three dimensional Lie
algebras in the classification provided by Bianchi [1].

2 Introduction

Recall from [2] that a Lie algebra g is a vector space over a field F' together with
a binary operation

[.]:axg—g
called the Lie bracket, which satisfies the following axioms:

a) [ax + by, z] =alz,y|+0bly, 2], [z,ax+ byl =alz, x]+b][z,y] for all scalars
a, b in F' and all elements x, y, z in g.

b) [z,y] = — [y, z| for all elements x, y in g.

) [z, [y, 2]l + [y, [z, z]] + [z, [x,y]] = 0 for all z, y, z in g, when Characteristic
F'is not 2.

Recall also that for a Lie algebra g, the Lie algebra homology of g with co-
efficients in R, written HX*(g;R) is the homology of the Chevalley-Eilenberg
complex A*(g;R), namely
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where g"\" is the nth exterior power of g over k, and where
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1<i<j<n

where g; means that the variable g; is deleted.

HE (@ R) = o B

For simplicity, in this paper we will denote HX(g;R) by H*(g).



3 Homology of 3-dimensional Lie algebras

In 1898 [1], Bianchi provided a classification of three dimensional Lie algebras
and proved that any three dimensional Lie algebra has the same structure as a
Lie algebra in this classification. The following is Bianchi’s classification:

Theorem 3.1 (Bianchi): Let g be a real 3-dimensional Lie algebra. Then g is
isomorphic to one of the following Lie algebras:
Biancht I: [61, 62] = [62, 63] = [63,61] =0
Bianchi II: [e1,e5] = 0, [e2, e3] = e, [e3,€1] =0
Bianchi 1V: [e1,es] = 0, [ea, €3] = €1 — e, [e3, 1] = €1
Bianchi V: [eq,e3] =0, e, e3] = e, [e3,e1] = €1
Bianchi VI,(h <0): [e1,es] =0, [ea, €3] = €1 — hes, [e3, e1] = heg — e
Bianchi VII,(h > 0): [e1,es] = 0, [eq, €3] = €1 — hea, [e3,e1] = hey + eo
Bianchi VIII: [eq,e3] = —es, [e2, €3] = €1, [e3,€1] = e
Bianchi IX: [e1, es] = e3, [ea, €3] = €1, [es, e1] = ey

In the next theorems, we provide explicit calculations of the lie algebra ho-
mology of the lie algebras in this classification.

Theorem 3.2 (Bianchi I): Let g = span{ey, ez, e3} be a Lie algebra isomorphic
to Bianchi 11, given by the brackets [e1, es] = 0, [ea, €3] = 0, [e3, e1] = 0. Then,

HI(g) = N'g

Proof. The Chevalley-Eilenberg complex is reduced to
0L RE g& g7 & g 0

g= Span{eh €3, 63}

g% = spanfe; N ea,ea Aes,eq Aes}
g3 = span{e; A ey A ez}

g/\4 =0

di(e1) =0, Oi(e2) =0, di(e3) =0
82(61 N 62) = [61, 62] =0

82(62 A 63) == [62, 63] =0

82(61 A 63) = [61, 63] =0

63(61 Neg N\ 63) = (-1)4[61, 62] A es3 + (—1)5[61, 63] N ey + (—1)6[62, 63] N eq

ie kerd
ng (g) = —imakfl e 9<T> = g/\k.



Theorem 3.3 (Bianchi I1): Let g = span{e;,eq,e3} be a Lie algebra isomor-

phic to Bianchi II, given by the brackets [eq,es] = 0, [es, €3] = €1, [es,e1] = 0.
Then,
R, if k=0
(€g,€3), if k=1
H(g) = < (ey Aeg,e1 Aes), if k=2
(e1 Nea Nes), if k=3
L0, if k>3

Proof. The Chevalley-Eilenberg complex is reduced to
O&R&Q&QAQ&QAB%O

g= Span{eh €3, 63}

g% = spanf{e; N ey, ea Aes,eq Aes}

g% = spanf{e; A ey Aes}

g/\4 O

di(e1) =0, di(e2) =0, di(e3) =0

82(61 VAN 62) = [61, 62] =0

O2(e2 N e3) = [ea,e3] = €4

82(61 A\ 63) = [61, 63] = O

Ds(e1 Nea Aeg) = (=1)Y[er, ea] Aeg + (—1)°[er, e3) Aeg + (—1)%[ea, €3] A e
= €1 A €1

ie _ kerdp _ R __

H(g) = 5oy = "Gy = (ea,ea)

HQLw(g) = fﬁ:g; = <61/\e?(,]<§1/\63> = (ey Neg,e1 Aes)

Hi'“(g) = gt = 50 = {en hea Ney) 0

Theorem 3.4 (Bianchi [V): Let g = span{ey,es, e3} be a Lie algebra isomor-
phic to Bianchi IV, given by the brackets [e1,es] = 0, [e, €3] = €1 — €2, [e3, 1] =
e1. Then,

R, if k=0
Hi(g) = < (es), if k=1
0, ifk>1

Proof. The Chevalley-Eilenberg complex is reduced to
0L RE g& g7 &g’ ...



g = {e1,e2,e3}
9" ={e1 ANeg,ea Nes,er Aes)
g/\g = {61 AN WA 63}

g/\4 —_

81(€1> = O, 81<€2) = U, (91(63) =0
82(61 A 62) = [61, 62] =0

Oa(ea Ne3) = [ea, e3] = e — eg
82(61 N 63) = [61,63] = —€

63(61 A €9 N 63) =

(
(

€1
= 2(61 N 62)

Hy“(g) = 5ot = & =R

HY* () = 3 = sy = e
Hi*(0) = i3 = wieinay = ()
Hy(g) = b = = (0)

=

9

3),

—~
D

Hl(g) =

—~

S

\ ’

[e] 0 0 0+ :
0ER R g g &gt .o

g= {61762763}
g/\2 = {61 AN €9, €9 A €3, €1 AN 63}

ANel —ea ANep+ep Aes

€1 /\€2>,
e N\ eg /\63),

—1)*e1, €] Aes + (—1)%[ea, e3] Aer + (—1)%[er, e3] A eo

61—62)/\€1+61/\€2

|

Theorem 3.5 (Bianchi V): Let g = span{ey, eq, e3} be a Lie algebra isomor-
phic to Bianchi V, given by the brackets [eq,es] =
Then,

07 [62763] = €9, [63761] = €1.

if k=0
if k=1
if k=2
if k=3
if k>3

Proof. The Chevalley-Eilenberg complex is reduced to



82(61 A 63) = [61, 63] = —€1

83(61 A €9 A\ 63) = (—1)4[61, 62] A €3 + (—1)6[62, 63] A €1 + (—1)5[61, 63] A\ €9
=esNep+e; Neg

—0
Hi'“(g) = b = 6 =R

Hi“(g) = 455 = @2 = (eo)

HLie(g) = /;_Zgj — _<61<3;2> = (e1 N eg)

H(0) = i = e = (e hea ) :

Theorem 3.6 (Bianchi VI,): Let g = span{ei,es,es} be a Lie algebra iso-
morphic to Bianchi VI, given by the brackets h < 0,[e1,es] = 0,]es, e3] =
e1 — hesg, [es,e1] = he; — ey Then,

(R, if k=0
), if k=1 and h = —1
(es), if k=1 and h # —1
HEie(g) = (e1 Nes —eg Nes), Z:fk:Q and h = —1
(€1 N eg), if k=2 and h =0
(0), if k=2 and h # —1 and h # 0
(e1 Nea Aes), if k=8 and h =0
0, else.

Proof. The Chevalley-Eilenberg complex is reduced to
O&R&g&g“&g”e~-
g ={e1,ez,€3}

9" = {e1 ANeg,ea Nes,er Aes)
g/\3 = {61 N eg A 63}

81(61> = O, 81(62) = U, 81(63) =0
82(61 A 62) = [61, 62] =0

82(62 N 63) = [62, 63] = €1 — h€2
82(61 N 63) = [61, 63] = —hel + €9

Ds(er Nea Aez) = (—=1)*er, ex) Aes + (—1)%[ea, €3] Aer + (—1)°[er, e3] A €2
= (eg — heg) Ney + (hep —e3) A ey
=e; ANeg —hey ANep+hep ANey — ey A ey
= 2h(e; N e3)



Note that kerdy = (e; A eg,e1 Aes —es Aes) if h = —1, and kerd, = (e; A eg) if
h = 0. Also, kerds = (e; AN ey Aeg) if h =0, and kerdy, = (0) if h # 0. We then
have

Hic(g) = bt = B _R

imdy, - {0)
HPe(g) = 53t = s = {%ejéi)? Hh=st
(es), if h #£ —1.
(e1 Nes — ey Aes), if h=—1
Hy'(g) = l;i:g; = <2h]E::i2eg)) = q (e1 Nea), if h=0
(0), if h#—1,0
Hf(g) = i = {f)“e“eg)’ e 5
5 it h # 0.

Theorem 3.7 (Bianchi V1I,): Let g = span{ei,es,es3} be a Lie algebra iso-
morphic to Bianchi VII,, given by the brackets h > 0,[e1,es] = 0, [eq, €3] =
ey — hesg, [e3, e1] = hey + ex Then,

,Ra Zf k:O

<€3>7 Zf k:]
Hlf/ie(g) _ (e1 A ea), if k=2 and h =0
0, if k=2 and h # 0

—~

e1 A eg A es), if k=8 and h =0
else.

=)

\

Proof. The Chevalley-Eilenberg complex is reduced to
o o1 (o)) A2 O3 A3
0 R—g<+=g" < g" -

g — {61762763}
0" ={e1 Neg,ea Nes e Aes}
g/\3 = {61 AN €9 AN 63}

g/\4 =0

Oi(e1) =0, Oi(e2) =0, di(e3) =0
82(61 A 62) = [61, 62] = O

(92(62 A 63) = [62, 63] = €1 — h@g
Oa(e1 Nes) = [er,e3] = —hep — ey

Dz(er Nea Aez) = (—=1)*er, ex] Aes + (—1)%ea, €3] Aer + (—1)%[er, €3] A €2
= (ey — hey) ANey + (hep + e2) A ey
=ey ANep —hey ANep +hep ANeg+ ey Aey
= 2h(e; N e3)



Note that kerds = (e Aes Aes) if h =0, and kerds = (0) if h # 0. We then
have

Hé/w(g> = ]:f:gf = % =R

Hle(g) = ]::;:ggl = <el—§Leelg7,eEf:1>—eg> = <63>
Lie _ kerdy __ (e Ae > . <€1 A €2>, lf h = 0
Hy™(g) = e = <2h(1em2eQ)> o, it h£0
ie __ kerds __ kerds __ <€1 N eg N 63), ith=0
Hi'(g) = moy = (0 — {0’ else. -
Theorem 3.8 (Bianchi VIII): Let g = span{ey, ez, e3} be a Lie algebra isomor-
phic to Bianchi VIII, given by the brackets [e1, es] = —es, [ea, €3] = €1, [e3, e1] =
eo Then,
R, if k=0
Hi“(g) =S (e Aex Nes),  if k=3
0, if k>0 and k # 3

Proof. The Chevalley-Eilenberg complex is reduced to
O&R&g&g”&g“en-

g ={e1,ez,€3}
g’ = {e1 Neg,ea Neg,er Aes}
g/\3 — {61 AN €9 A 63}

O3(e1 Nea Nes) = (—1)4[61, es] Nes + (—1)6[62, es] Ney + (—1)5[61, es] A ey
= —egNeg+e Nep+eyNey

( ) imo {0y
Hle(g) = el = el — ()
HY“(g) = ko2 = O — ()
Hite(g) = {55 = 5 = (e hea hey) 0



Theorem 3.9 (Bianchi [X): Let g = span{ey,es, e3} be a Lie algebra isomor-
phic to Bianchi IX, given by the brackets [eq, es] = es, [ea, e3] = e1,[es, e1] = e
Then,

R, if k=0
H,fw(g) = <61 N €9 A €3>, Zf k=3
0, if k>0 and k # 3

Proof. The Chevalley-Eilenberg complex is reduced to
o o1 02 A2 O3 _AB
0<— R—g<=g" < g" -

g= {61762763}
0" ={e1 Neg,ea Nes e Aes}
g/\3 = {61 AN €9 A 63}

g/\4 _ O

di(e1) =0, Oi(e2) =0, di(e3) =0
Oa(e1 N eg) = [e1, €2] = €3

O2(e2 N e3) = [ea, €3] = €3

82(61 N 63) = [61,63] = —€3

(93(61 A €9 A 63) = (-1)4[61, 62] A €3 + (—1)6[62, 63] A €1 + (—1)5[61, 63] A ()]
263/\63+€1/\61+62/\62
=0

kerdg _ R —R

‘ imo 0y
Hlee g) = kerdy _ (eiezes) _ <0>

imos e1,—e2) -

)
) =
() = k282 = & = ()

)

imds ~ (0)
Lie _ kerds __ {e1NeaNe3z)
H3*(8) = o = — 1)

:<€1/\€2/\€3> a

Remark 3.10 From the theorems above, one notices that the Lie algebras Bianchzi
V, Biancht VI, and Bianchi VII, have the same homology when h = 0,
Bianchi IV, and Bianchi VI1I, have the same homology when h # 0, and
the Lie algebras Biancht VIII and Biancht IX have the same homology.
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