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1 Abstract

In this paper, we provide explicit calculations of Lie algebra homology of
four-dimensional Lie algebras with a para-hypercomplex structure.

2 Introduction

The concept of Lie algebra was introduced by Marius Sophus Lie in the 1870s
(see [2]), and later discovered by Wilhelm Killing (see [3]) almost a centure later.
Their strong connection with Lie groups is part of the reason why they are very
important in many field of physics, and is the foundation of the definition of Lie
algebra cohomology. The cohomology theory for Lie algebras was first introduced
in 1929 by Elie Cartan, and was later developped in 1948 by Claude Chevalley and
Samuel Eilenberg. In this paper, we are interested to the notion of homology of
Lie algebra which is is dual to Lie algebra cohomology. We explicitely calculate
homology for four-dimensional real Lie algebras admitting an integrable, left-
invariant para-hypercomplex structure using a classification provided by Blazic
and al. in[1]. Since the properties of para-hypercomplex structures are not used
in our calculations, we refer the reader to [1].

Recall from [4] that a Lie algebra g is a vector space over a field F' together
with a binary operation

[.]:axg—g
called the Lie bracket, which satisfies the following axioms:

a) lax + by, z] = alz,y|+0bly, 2], [z,ax+ byl =alz,x]+b][z,y] for all scalars
a, b in F and all elements x, y, z in g.

b) [z,y] = — [y, z] for all elements x, y in g.

¢) [z, [y, z]] + [y, [z, 2]] + [z, [z,y]] =0  The Jacobi identity : for all z, y, z
in g, when Characteristic F' is not 2.



Recall also that for a Lie algebra g, the Lie algebra homology of g with co-
efficients in R, written HEX*(g;R) is the homology of the Chevalley-Eilenberg
complex A*(g), namely

o 0 A2 0 O an-1 8 am D
R<gegh <o gh &gt -

where g"\" is the nth exterior power of g over k, and where

Do A Ag) = 3 (D g Agi A GGy A

1<i<j<n
where g; means that the variable g; is deleted.

(g ) = O ga+>) (1)

The following theeorem was given by Novica Blazic and Srdjan Vukmirovic
[1], and classifies 4-dimensional Lie algebras with a Para-Hypercomplex up to
isomorphism .

Theorem 2.1 (Bianchi): Let g be a real 4-dimensional Lie algebra. Then g is
isomorphic to one of the following Lie algebras:

1. 7Ty - [64, 61] = ey, [647 62] = Aey, [64, 63] =es + Aeg

e
2. by o [es,e3] = e3,[e1, ex] = e3,[es, €2] = Z, ey, €1] = ea + 51

R @ b3 - [er,ea] = e3

R2@ aff(R) : [e1,es] = e

R@® sy [er,ea] =ea,ler,e4] = ey

R @ sla(R) : [er, ] = ea, [e2, e4] = —e1, [es, €1] = €2
af f(R) ®aff(R) : ler,es] = €1, [e2, e4] = e

taix o les, e1] = eq, [es, ea] = ea, ey, €3] = Aeg

© »® NS> & e

dan - [64, 63] = es, [61, 62] = €3, [64, 62] = (1 - )\)62; [64, 61] = Aey
10. lef<(C) 3 [647 63] = €3, [617 62] = €3, [617 63] = —€y, [647 62] = €2

11. 64 : [e1,e2) = €1, [ea, e4] = €4, [e1, €4] = €3



3 Homology of Four-Dimensional Lie Algebras
With a Para-Hypercomplex Structure

The following theorems provide the homology for each Lie algebras in the theorem
2.1.

Theorem 3.1 Let g = span{ey,eq, e3,eq4} be a Lie algebra isomorphic to 14y,
given by the brackets [eyq, e1] = €1, [eq, €a] = Aeg, [e4, €3] = €2 + Aes. Then,

R k=0
H*@g)={<es> k=1
0 k>2

Proof.
The Chevalley-Eilenberg complex is reduced to

O&R&g&g“&g”%g&g/\ﬁ—o

g = span{ey, ez, e3, €4}

g2 = span{e; N ey, ey Aes,e1 Aeg,ea Aes,ea Aey, ez Aeyt

g = spcm{el Ney Nesg,er Nea ANeyg,e1 Nes N\eg, ea \es N 64}
g™ = span{e; Ney Nes Aey}

N3

First we must evaluate 0y.

Oy=0, 01 =0, Os(er ANeg) =le1,e3] =0, Oaleg Aes) =ler,es] =0,

Oz(e1 N eg) = [er,eq) = —leq,e1] = —ey, Oa(ea Aes) = [eg, €3] = 0,
O2(e2 N eq) = [eg, e4] = —eq, €] = —Aey,

Oa(esz A eyg) = [es, eq] = —[eq, e3] = —ea — Nes,

83(61 N es A 63) = [61, 62] VAN €3 — [61, 63] N eg + [62, 63] Nep = 0,

83(61 /\62/\64) = [617 62] /\64— [61, 64] /\Gg—f- [62, 64] /\61 = [64, 61] /\62— [64, 62] /\61 =
61/\82—|—>\61/\€2: (A+1)61/\62,

Os(e1 NesAey) = [er, es) Neg—[e1, eq) Nes+[es, es) Nep = [eq, e1] Aes—[eq, e3] Ney =
e Nes—(ea+Xezs) Aep=er Aes+ep Aea+Aeg Aeg =61 Aeg+ (A4 1)eg Aes,
83(62/\63/\64) = [62, 63] Neyg— [627 64] /\€3+ [63, 64] Neg = )\62/\63— (62"‘)\63)/\62 =
2)\62 A €3,

84(61/\62/\63/\64) = [61, 62]/\63/\64—[61, 63]/\€2A€4+[61, 64]A€2/\63+[62, 63]/\61/\64—
[62, 64]/\61/\€3+[63, 64]/\61/\62 = —[64, 61]/\62/\63+[64, 62]/\61/\63— [64, 63]/\61/\62 =
—eg Neg Neg —dep Aeg Aes — (e + Aeg) Aep Aeg = —(2A + 1)eg Aes A es.

Now we may determine Jmoy.
3m81 = 0,
jmag =< —ey, —)\62, —€9 — )\63 >=< e, 6,63 + )\63 >=<e1,€2,€3 >,



Jmo; =< (A-1)ejAeg, e Aea+(A+1)es Aes, 2heaAeg >=< e1\eq, e1/\e3, ea\eg >,
3m84 =< —(2>\ + 1)61 Nea Nes >=< e Ney Aeg > .
Similarly, we now may determine ker 0.

ker 0y = R,

ker0; = g,

ker 0, =< e1 A e, e1 Aes,eq A es >,
ker 05 =< e; Aeg A ez >,

ker 04 = 0.

Thus, we have

. ker 80
N Jm@l
R

0
=R,
ker (91
Jm@Z
g
< eq1,€9,€3 >
=< e4 >,
lie ker Oy
Hy“(g) = TJmos
<ep Neg,e1 Nes,eq N\eg >

H{*(g)

Hi“(g) =

< ey Neg,e1 Nes,eq N\ eg >
=0,
~ ker s
_3m84
- < e Ney ANes >
N <egNey ANeg >

Hi*(g)

Therefore,



a

Theorem 3.2 Let g = span{ey, eq, e3,e4} be a Lie algebra isomorphic to hy,

given by the brackets [eq, e3] = e3, [e1, ea] = e3, [e4, €2] =

Proof.

Hi“(g) =

e é
52,[64,61] = 51 Then,
R k=20
<e > k=1
0 k>2

The Chevalley-Eilenberg complex is reduced to
O&R&g&g“&gﬁ%—g&g/\ﬁ—o

g= Spcm{el, €2, €3, 64}

AV

9" = span{e; Aeg,e1 Nes,e1 Aeg,ea Nes ea ey, ez Negt

A3

9

g = span{e; N ey Aes A ey}

62(61 A 62) =
82(61 A 63) =

62(61 N 64) =

(92(62 A 63) =

82(62 A 64) =

82(63 VAN 64) =

83(61 N ex A 63)

= Spcm{61 Nexy Nesg,er ANea Aeyg,er Nes A\ eg,ea \eg N 64}

= [e1,e2) Nes — [e1,e3] Aea + [e2, €3] A ey

=0,



83(61 Neg N\ 64) = [61,62] Ney — [61,64] N eg + [62,64] N eq

= [e1, €] Neg+ [eq, e1] Neg — [eq, €2) A€y

e e
263/\64+(62+§1)/\62—§/\61

€2 €1
261/\5+§/\62+€3/\64

261/\62—64/\63,
Os(er Nes Aey) = ler,es] Aeg — [er,eq] Aes+ [es, eq] Aey

= [64, 61] A €3 — [64, 63] N €1

(&
:(62+§1)/\63—€3/\61
€1
262/\634‘?/\634‘61/\63

:§€1A€3+€2/\€3,

Os(eg Neg Aey) = [ea, es] A ey — [ea, eq] N es + [es, e4] A ea

= [64, 62] A €3 — [64, 63] N €9

€2
23/\634‘62/\63

= 562 A €3,

84(61 AN €9 A\ €3 N 64) = [61,62] A €3 AN €4 — [61, 63] N €9 VAN €4 + [61, 64] A €9 A\ €3
+ [62,63] VAN €1 A €4 — [62764] N €1 A €3 + [63764] N €1 A €9

= —[64, 61] A €9 A\ €3 + [64, 62] A €1 A €3 — [64,63] A\ €1 A\ ()]

€1 1
—(BQ—I—5)/\62/\63+562/\61/\63—63/\61/\62
:—61/\62/\63.

Now we may determine Jmoy.

’Jm(?l :O,
€1 €2
Imoy =< e3,—€9g — —, —— >
2 3 2 9 9
=< €1, €e2,€3 >,
~ 3 3
Jmag =< 61/\62"‘64/\63,561/\63‘1‘62/\63,562/\63 >

=< e;Ney—eqgNes,er Nes, eq N\ eg >
IJmoy, =< —e; Aeg A eg >
=< e Ney Neg > .
Similarly, we now may determine ker d.

ker 0y = R,



ker 0; = g,

ker 0, =< e; Nes,ea Aes,ep Aeg —eyq Aes >,
kerds =< e; Aeg A ez >,

ker 04y = 0.

Thus, we have

H{*(g) =

< ep,€2,€3 >
=< eq >,
o keI‘ag

—jmag
o < el Neg,ea Nes,er Ney —eq Neg >

HY*(g)

< e Neg—eqg Nes, e N\es, ea Aeg >

=0
; ker 83
lee —
3 (g) /Jma4
o < ey Ney N\eg >
B < e Ney Neg >
=0,
; ker 64
lee —
4 (g) ’Jmag)
0
0
=0.
Therefore,
R k=0
Hi*(g) =S <es> k=1
0 k>2

Theorem 3.3 Let g = span{ey, ea, €3, €4} be a Lie algebra isomorphic to R @D hs,



given by the brackets |eq, es] = e3. Then,

(R k=0
< eq,eq, ey > k=1
H,lje(g): <ejgNes,er ANeg,ea Nes,ea Aey > k=2,
<eyNeyNeg,ep Neg/Neg,ea NegN\eg > =3,
<erNey NesN\ey > =4,
0 k> 5.

Proof.
The Chevalley-Eilenberg complex is reduced to

O&R&g&g“&g”%g&g/\ﬁ—o

g = span{ey, es, e3, €4}

g/\? = span{e; N ey, e; Aes,eq Aeyg,ea Aes,ea Aey, ez A ey}

g = spcm{el Nexy Nesg,er Nea Aeg,er Nes\eg, ea \es N 64}
g = span{e; N ey Aes A ey}

First we must evaluate 0.

N3

do = 0,
o =0,

Oa(e1 N ez) = [eq, €]
= €3,

Oa(er N es) = [eq, e3)
= O7

Oa(e1 N ey) = [e, e4]
= O’

Oa(e2 N e3) = [ea, €3]
= ()’

Oa(ea N eq) = [ea, e4]
= ()’

Oa(eg N ey) = [es, e4)
= 07

Os3(e1 Neg Aes) = ler, ea] Aeg — [er,e3] Aex+ [ea, e3] A ey

= O’

O3(e1 Nea Ney) = [er,ea] Aeg — [er, eq] Nea+ [ea,eq] A ey
— €3 A €4,

83(61 A €3 N 64) == [617 63] N €q — [61, 64] N €3 + [63, 64] A\ €1
=0,



O3(ea Nes Ney) = [ea, e3] Aey — [ea,eq] Aes+ [es, eq] Aey
=0,
Os(er Nea Nes Ney) = [er,ea] ANeg Aey— [er,es] Aea Aey+ [er,eq] Aea Aeg
+ [ea, €3] Aey Aeg — [ea,eq] Aer Aes + [es,eq] Aep Aeg
=0.

Now we may determine Jmo,.

Jmo; =0,

Jmdy, =< ez >,
IJmos =< ez A eg >,
Jmo, = 0.

Similarly, we now may determine ker 0.

ker 0y = R,

ker 0 = g,

ker 0y =< ey Aes,er Aeg, e Aes,ea Ney,es ey >,
kerds =< ey Aeg Aeg,er AesAeg,ea NesN\eg >,
kerOs =< e; Aeg Aes Aeyg > .

Thus, we have

. ker 80
N 3m01

H{*(g)

Hi“(g) =

H(g) = )

< e1 Nes,ep Neg,ea Neg,ea N\ey,es N\ eyg >
< ez /N\ey >

=< ej Nesg,e1 N\ey,ea \esg, ea \eyg >,

~ kerds

N ’Jm84

Hi*(g)




<eyNeaNesg,ep NegNeyg,ea Neg N\eyg >

0
=< e NeasNeg,e1 Nesg ANeg,ea NesN\eg >,
; ker04
lee —
4 (g) jm85
o <egNeyNegN\eyg >
B 0
=< e Neyg Neg/Neg > .
Therefore,
( _
R k=20
< €1,€E2,€64 > =1
H]lcle(g) _ < epNesg,e1 Neyg,ea N\eg,ea \ey > k’:2,
<erNeyNeg, e NezNeg,ea NegNeyg > k=3,
<egNeaNeg/Neyg > ]{3:4,
L0 k> 5.

Theorem 3.4 Let g = span{ey, e, e3,e4} be a Lie algebra isomorphic to R2 @ af f(R,
given by the brackets |e1, es] = ey. Then,

"

R k=20
< €9,€3,64 > =1
Hi*(g) = < ey ANes,ea Neges Aey > k=2,
< ey Neg Ney > =3,
L0 k> 4.

Proof.
The Chevalley-Eilenberg complex is reduced to

O&R&g(ﬁgﬁ&gﬂ(—g&g/\ﬁ—o

g= Span{€17 €2, €3, 64}

g/\? = span{e; N ey, ey Aes,eq Aeyg,ea Aes,ea Aey, ez A ey}

g = spcm{el Negy Nesg,er ANea Aeyg,er Nes A\ eg, ea N\es N 64}
g = span{e; N ey Aes A ey}

First we must evaluate 0.

A3

10



€1,

Oa(e1 Nes) = [e, €3]

0,

Oa(e1 N eg) = [e, e4]

0

Oa(eg N e3) = [ea, €3]

0

Da(ea N eg) = [ea, e4]

0,

Oa(es N eq) = [es, e4]

0,

O3(e1 Nea Nes) = [er,ea] Aeg — [er,es] Aex+ [ea, e3] A ey
=e; N ez,

O3(e1 Nea Ney) = [er,ea] Aey — [er, eq] Nea+ [ea, eq] A ey

261/\64,

Os(er Neg Ney) = ler,es] Aeg— [er,eq] Nes+ [es,eq] Aey
-0,
O3(ea Neg Aey) = [ea, e3] Aeg — [ea,eq] N ez + [es,eq] A ey
-0,
Os(er Neg Nes Ney) = [er,ea] ANeg Aey— [er,es] Aea Aey+ [er,eq] Aea Aeg
+ [ea, €3] Aer Aeg — [ea,eq] Aer Aes + [es,eq] Aep Aeg

261/\63/\64.

Now we may determine JmQj.

Jmo; =0,

Jmdy =< €1 >,

Jmoz =< e; Aes,eqr Ney >,
TJmoy =< e; ANeg Aeg > .

Similarly, we now may determine ker 0.

ker 0y = R,
ker0; = g,
ker 0y =< e1 Aesg,e1 Aeq,ea Aes, ea Ney,e3\eg >,

kerds =< e; Aeg Aeg,ea NesAey >,

11



ker 04 = 0.

Thus, we have

ie ker 30
Hy“(g) = T,

Hi“(g) = =

< e >
=< eg,€3,64 >
_ kerd,
jm(?g
_<61/\63,61/\64,62/\63,62/\64,63/\64>
< ey Nesg, e Neg >

=< eg ANesg,ea N\ey,e3/\ ey >,
Hlie( ):ker83

3 (8 Fmd

mdoy
_<€1/\€3/\64,€2/\63/\€4>

< el Neg/Ney >

=< eag NegN\ey >,

HY*(g)

Hi“(g) =

Therefore,
)

R =0
< eg, 63,64 > k=1
Hi*(g) = < ey Nes,ea Neg,es Aey > k=2,
< ey NesNey > k=3,
0 k>4

\

Theorem 3.5 Let g = span{ey, eq,e3,e4} be a Lie algebra isomorphic to R@ 31,

12



given by the brackets |e1, es] = e, [e1, e4] = e4. Then,

(R k=0
< e, e3> k=1
Hlie(g) — <e Nez > k=2,
<eyNesNey > k=3,
<eiNeasNesNeyg > k=4,
0 k> 5.

\ -
Proof.
The Chevalley-Eilenberg complex is reduced to
O&R&g&g“&g“’eg&g/\ﬁ—o
g = span{ey, ez, €3, €4}
g/'? = span{e; N ey, e1 Aes, e Aeyg,ea Aes,ea ey, ez A ey}

g = spcm{el Nea Nesg,er ANea Aeg,er Nes A\ eg, ea N\eg N 64}
g = span{e; N ey Aes Aes}

A3

do = 0,
o =0,
Oa(e1 N e3) = [eq, €]
= €2,
Oa(e1 Ne3) = [eq, €3]
= O7
Oa(e1 N eyg) = [e1, e4]
= €4,
[e2, €3]
0,
Oa(ea N eq) = [ea, e4]
0
Oa(eg N ey) = [es, e4)
0,
Os3(e1 Neg Aes) = ler, ea] Aeg — [er,e3] Aex+ [ea, e3] A ey
= e9 N\ €3,
O3(e1 Nea Ney) = [er,ea] Aey — ler, eq] Nea+ [ea, eq] A ey
=eg Neg—eyq N\ ey

82(62 A\ 63)

== 262 AN €4,

Os(er Neg Ney) = ler,es] Aeg — [er,eq] Nes+ [es,eq] Ae

13



= e3/\ ey,
Os3(ea Neg Ney) = [ea, es] Aeg — [ea, eq] N ez + [es,eq] A ey
=0,

Os(er Nea Nes Ney) = [er,ea] ANes Neg—ler,es] Aea Aeg+ [er,eq] Nea Aes
+ [ea,e3] Aer Aeg — [ea,eq] Aep Aes+ [es, eq] Aer Aes
=eygNeg/Neg—eqg Neg N\ eg
=0.

Now we may determine Jmo,.

Jmo; =0,

Jmdy, =< eg9, 64 >

Imoz =< ey A ez, 269 ANeg, ez N\ey >
=< egNes, ea N\eyg,e3/N\ey >

Jmo, = 0.

Similarly, we now may determine ker 0.

ker 0y = R,

ker0; = g,

ker 0y =< ey Aes, e Aes,eq A ey, e3 ey >,
ker 05 =< ey A ez A ey >,

kerds =< e; Aeg Aes Aeyg > .

Thus, we have

. ker 80
N jmal

Hi*(g)

H{i“(g) =

14



<eypNesg,ea Nes, ea N\ey,e3\eg >

< ey Nesg,ea Neyg, ez N\ey >
=< e; Neg >,
_ kerds
_3m84
. < ey NegNey >
B 0
=< ey Neg/N\eyg >,
_ker84
 Jmos
. <egNeyNegN\eyg >
B 0
=< e Neyg Neg/Neg > .

Hi*(g)

Hi“(g)

Therefore,

(R k=0
< ey, e3> k=1
< e Nes> k=2,
<egNesNeg > k=3,
<erNeysNesNeyg > k=4,
0 k> 5.

\ -

H“(g) =

Theorem 3.6 Let g = span{ey, eq, 3,4} be a Lie algebra isomorphic to R @ sla(R),

given by the brackets [ey, es] = ey, [ea, €4] = —e1, €4, €1] = €a. Then,
(R k=0
< ez > k=1
ie 0 k = 2,
Hy*(g) =
< el NeyNeyg > ]C:?),
<egNeyNegNeyg > k’:4,
L0 k> 5.
Proof.

The Chevalley-Eilenberg complex is reduced to
0 R g& g7 & gV g gV 0

g = span{ey, ez, €3, 64}

9" = span{e; A eg,e1 Neg e Aeg,ea Aes ea ey ez Neygt
g/ = span{e; Nex ANes,e; Aea Aeg,er Aez Aey, e AesAey}
g

M = span{e; N ey Aes Aeg}

N2

15



First we must evaluate 0y.

do = 0,
81:0,

82(62 A 63) = [62, 63]
82(62 A 64) = [627 64]
Os(e3 N eq) = [es, €4]

Os(er Neg Nes) = ler, ea] Aes — [er,e3] Aes + [ea, e3] A ey
= ey N\ €3,

O3(e1 Nea Ney) = [er,ea] Aey — [e1,eq] Aea+ [ea, eq] Aeq
= [e1,ea] Neg+ [eq, e1] ANeg + [ea,e4] A ey
=0,

Os(er Neg ANey) = ler,es) Aes — [er,eq] ANes+ [es,eq] Aey
= le1,e3] Nes+ [eq,e1] Nes + [es,eq] Aey
= e9 N\ e3,

Os(ea Neg Aey) = [ea, €3] A ey — [ea, eq] N es+ [es,eq] A ey
=e; A es,

Oiler Nea Nes Ney) = [er,ea] ANes Aeg—[er,es] Aea Aey+ [er,eq] Aea Aes
+ [ea,e3] Aer Aeg — [ea,eq] Aep Aes + [es, eq] Aep A ey
= [e1,ea) ANes Aey —[er,es] ANea Aey — [eq,e1] Aeg Aes
+ [ea, e3] Aer Aey — [ea, eq] Nep Aes+ [es, eq] Aer Aes
=0.

Now we may determine Jmd.

Jmal = 0,
3‘[’(182 =< ey,€g,—€1 >

16



=< ey, 69,61 >,
IJmos =< eg ANes,ea Aeg,ep N es >
=< e; Nesg,ea N\es,e3 /N\ey >
Jmd, = 0.

Similarly, we now may determine ker dy.

Thus, we have

Hi“(g)

ker 0y = R,

ker 0; = g,

ker 0, =< e; A es,ea Aes, ez A ey >,
ker 05 =< e; Aeg A ey >,

kerOs =< e; ANeg ANeg Aeg > .

ie ker (90
H{“(g) = )

R

0
=R,
lie ker 0,
Hi“(g) = Tmo,
9
< €4,€9,€61 >
=< e3 >
~ ker 0,
N jmag
o < ey Nesg,ea Nes, e N\ey >
n < ey Nesg,ea Nes, e \ey >
=0,
lie ker 05
Hy“(g) = Jmo,
<egNeyNey >
0
=< e Neg Neg >,
~ ker 0y
N jmag,
o <egNeaNeg/Neyg >
- 0
=< e Neg NegNeg > .

H*(g)

17



Therefore,

(R k=0
< e3> k=1
Hi(g) = { L2
<erNeg Ney > k=3,
<e NeyNes Ney > =4,
L0 k> 5.

Theorem 3.7 Let g = span{ey, s, e3, €4} be a Lie algebra isomorphic to af f(R) @ af f(R),
given by the brackets |e, e3] = ey, [ea, €4] = €a. Then,

R k=0
< ep, ey > k=

<esNeyg> k=2,
0 k>3

Hi“(g) =

Proof.
The Chevalley-FEilenberg complex is reduced to

O&R&g&g“&gﬁeg&g/\“—o

g = span{ey, ez, e3, €4}

g% = spanf{e; N ey, e1 Aeg,e1 Aeg,ea Aes,ea Aeg, ez Neyt
g3 = span{e; Ney ANes,e; Aex Aeg,ep Aez Aeg, e Aes Aey}
g™ = span{e; N ey Nes A ey}

0y =0,
9 =0,
82(61 N 62) = [61, 62]

pu— O’
82(62 A\ 63) [627 63]
=0,
82(62 VAN 64) [62, 64]
= €9,

Oa(es N ey) = [es, e4)
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= O7
Os(e1 Neg Aes) = ler, ea] Aeg — [er,e3] Aeg+ [ea, e3] A ey
—e1 A e,
O3(e1 Neg Ney) = ler, ea] Aeg — [er,eq] Aeg+ [ea, e4] A ey
= —e1 N\ €9
Os(er Neg Ney) = ler,es] Aeg — e, eq] Aes+ [es,eq] Aey
= €1 N\ ey,
Os(ea Neg Ney) = [ea, es] Aeg — [ea, eq] N ez + [es,eq] A ey
= —eg N\ es,
Os(er Nea Nes Neg) = [er,ea] Aes Aeg — [er,es] Aea Aeg+ [er,eq] Aea Aes
+ [eg,e3] Aer Aey — [ea,eq] Aep Aes+ [es, eq] Aer Aes
=—e1 Nea Neg+e1 Neag N\ es

=e; Neyg ANeg —ep Aeg N ey.

Now we may determine Jmdj.

Jmo, =0,

IJmoy =< eq,6e3 >

IJmo; =< —e1 Aeg,e1 A ey, —eg A ez >
=< e Neg,e1 Ney,ea Aeg >,

IJmo, =< e; Neg Nes—ep ANeg Aeg > .

Similarly, we now may determine ker .

ker 0y = R,

ker 0; = g,

ker O, =< ey Aeg,e1 Aey, e Aes, e3 N\ ey >,
kerds =< e; Aea Aeg —ep Aeg Aey >,
ker 04 = 0.

Thus, we have

o ker O
Hi*(8) = 505
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_ g

< eg,65 >

=< e1,64 >

_ kerd,

© Jmoy

_ <epNeg,er Neyg,ea N\eg, ez \eg >
N < epNeg,e1 Neyg,ea N\eg >
=< ez Neyg >,

~ kerds

© Jmo,

B <eirNeyNes—eg Ney Aey >
N <egNeaANes—e Ney Aeyg >
:07

~ kero,

_’Jm85

HY*(g)

Hi*(g)

Hi{(g)

S olo

Therefore,

< ep,eq > k=1

H’iie:
<esNeyg> k=2,

Theorem 3.8 Let g = span{ey, e, e3,e4} be a Lie algebra isomorphic to tyq ,

given by the brackets [ey, e1], = e1, [eq, €a] = e, [e4, €3] = Nes. Then,
R k=0
Hi*(g)={ <es> k=1
0 k>2
Proof.

The Chevalley-Eilenberg complex is reduced to
O&R&Q&QA2&QA3<—9&9A4<—O

g = span{ey, ez, €3, 64}
g/'? = span{e; N ey, e1 Aes e Aeyg,ea Aes,ea ey, ez Aey}
g/\3 = Span{61 VAL WA €3, €1 VANCHWAN €4, €1 VANCEWAN €4, €9 Neg A 64}

g = span{e; N ey Aes Aes}
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1 ;

Oa(e1 A eg) = [eq, e
= O7

Oa(e1 N eg) = [eq, €3]
= 07

Oa(e1 A eg) = [e1, eq]
= —[es, 1]
= —¢€r,

Oa(e3 N ey) = [es, e4)

I

|
I

=

o
i

(93(61 N e A 63) =

61,62] AN €3 — [61,63] A ()] + [62,63] AN €1
0,

[61,62] A €4 — [61,64] A €s + [62,64] N €1

Os3(e1 Nex Aey)
= les, e1] AN ea — [eq, ea] A g
=e1 ANeg+eg A eg
=e1 N eg,

Os(er Nes ANey) = ler,es] Aeg — [er,eq] Aes+ [es, eq] Aey
= [eq, €1] N ez — [eq, €3] A ey
=e; Neg— deg Aey
=(A+1)eg Nes,

Os(ea Neg Aey) = [ea, e3) A ey — [ea,eq] N es + [es,e4] A ey
= [eq, €2] N ez — [eq, €3] A eg
=ey ANeg— Aeg A ey
= (14 Nea A es,

Os(er Nea Neg Ney) = [er,ea] ANes Aeg—[er,es] Aea Aeg+ [er,eq] Aea Aes

+ [ea, e3) Aer Aey — [ea,eq] Aep Aes + [es, eq] Aep A ey

= —[64, 61] A €9 A\ €3 —|— [64, 62] A €1 A\ €3 — [64,63] A\ €1 N €9
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:—61/\62/\63—61/\62/\63—/\63/\61/\62
= —(2+ Nep Aey Aes.

Now we may determine Jmdj.

Jmo, =0,

Jmdy =< —eq, —€9, —Neg >
=< e1,€q,63 >,

Jmos =< e; Nea, (A+ 1)e; Aes, (1 4+ Neg A eg >
=< e; Neg,e1 Nes, e \eg >,

Jmoy =< —(2+ N)eg ANeg Aeg >
=< e Neys Neg > .

Similarly, we now may determine ker .

ker 0y = R,

ker o, = g,

ker O, =< e1 A e, e1 Aes, e Aeg >,
ker 0; =< ey Aey Aeg >,

ker 04 = 0.

Thus, we have

_ kerdy
N Jmal
R

0

=R,

. ker@l

N jmag

-9
< eq1,€9,63 >

=< eq4 >,

Y (g) = S

Jm(‘?g

- <epNeg,e; Nes,eq N\ eg >
< ey Neg,e; Nes,eq N\eg >

=0,

~ kerds

N Jm&;

H{*(g)

H{*(g)

Hi*(g)
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_<€1/\€2/\€3>
_<61/\62/\€3>

: ker 84
lee —
4 ( ) jm85
0
0
=0.
Therefore,
R k=0
Hi*={<e,> k=1
0 k>2

Theorem 3.9 Let g = span{e, ez, e3,e4} be a Lie algebra isomorphic to 0y y,
given by the brackets [eq, €3], = €3, [e1,ea] = e3,[eq, €2] = (1 — N)ea, [eq, €1] = Aey.
Then,

R k=0
Hi*(g)={ <es> k=1
0 k>2

Proof.
The Chevalley-Eilenberg complex is reduced to

O&R&g&g“&gw%g&g/\ﬁ—o

g = span{ey, ez, e3, €4}

g2 = span{e; N ey, e Aes,eq Aeyg,ea Aes,ea Aey, ez A ey}
g% = span{e; Nea Nes,ep Aea Aeg,ep Aes Aeg,ea Nes Aeyt
g™ = span{e; Ney Nes Aey}

First we must evaluate 0y.

a0 = 07
01 =0,
82(61 A 62) = [61, 62]

da(e1 N e3) = [en, 3]

82(61 AN 64) = [61, 64]
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62(62 N 63) =

82(62 A 64) =

82(63 AN 64) =

(93(61 N ex A 63)

83(61 N €9 A 64)

83(61 N €3 VAN 64) =

83(62 VAN es N\ 64)

64(61 A €9 VAN €3 VAN 64)

jm(?l = O,

I

|
I

iy

o
&

= [e1,ea] Neg — e, e3] Aea + [ea, €3] Aes
0,

[
= [e1,e2) Neq+ [eq, e1] Aea — [es, ea] N ey
263/\€4+)\€1/\€2—(1—)\)€2A61

261/\62—64/\637

e1,e] ANey— [e1,e4] Aea+ [ea, eq] A ey

le1,e3] Aey — [e1,eq] Aes+ [es, eq] A ey

= les, e1] N ez — [eq, e3] A eq

=Xej ANes —e3Aey

= (A+1)ey Aes,

= [ea, €3] A eq — [e2, eq] A es+ [e3,eq] A eg

leq, €2] A €3 — [ea, €3] A €2

(1 —=XNeaAes+exNes

(2 —Nea Aes,

= ler,ea] ANes Ney — [er,e3] Aea Aeg+ [er,eq] ANeg Aes
+ [ea,e3] Aer Aey — [ea, eq] Nep Aes+ [es,eq] Aer Aes
= —les,e1] Nea Nes+ [eq, ea] Aey Aes — [eq,e3] Aep Aey
=(1—=XNeaAegANeg—e3Nep Aeg

= (A —2)e1 Aeg Aes.

Now we may determine JmQj.

’Jm82 =< es, —)\61, (1 + )\)62, —e3 >
=< e1,62,63 >,
Jm(?g =< e; Neg+e3 ey, ()\ + 1)61 N es, (2 — )\)62 N ez >
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=< e Neg—eg Nes,ep Neg,ea N\ esg >,
3m04 =< ()\—2)61/\62/\63 >
=< e Ney Neg > .

Similarly, we now may determine ker 0.

ker 0y = R,

ker0; = g,

ker 0y =< e; Nes,ea Aes,eq Aeg —eyq Aes >,
kerds =< e; A ey A ez >,

kerd, = 0.

Thus, we have

. ker (90
N 3m81
R

0
=R,
o ker (91

’Jmfb
g

< €1,€2,63 >
=< eq >,
. kerag

73‘['(183
. < ey Nes,ea Nes,er Ney —eq Neg >

Hi*(g)

H{*(g)

HY(g)

B < e Neg—eqg Nes, e N\es, ea Aeg >
=0

ie ker 63
Hy“(g) = )

< ey Ney N\eg >
< e Ney N\Neg >
=0,
~ kero,
_Jma:,

Hi“(g)

o olo
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Therefore,

R k=0
Hf={<e,> k=1
0 k>2

Theorem 3.10 Let g = span{ey, e, e3,e4} be a Lie algebra isomorphic to af f(C),

given by the brackets |eq, e3],= e3, [e1, ea] = e3, [e1, €3] = —ea, e, €2] = €3. Then,
R k=0
ie <epe> k=1
Hi“g) =4 "
< el Neyg > k=2
0 k>
Proof.

The Chevalley-Eilenberg complex is reduced to

0 R g& g7 & gV g g™ 0

g= Span{el, €9, €3, 64}

g/'? = span{e; N ey, e1 Aeg,e1 Aeg,ea Aes,ea Aeg, ez Aeyt
g/ = span{e; ANes ANes,e; Aex Aeg,er Aez Aey, e Aes A ey}

g = span{e; N ey Aes Aes}
First we must evaluate 0j,.

Da(e1 N eg) = [eq, ea]
82(61 N 63) = [61, 63]

82(61 A 64) = [61, 64]

= ()’
Oa(ea N e3) = [ea, €3]
— 07
Oa(e2 N eq) = [ea, e4]
= —[eq, €3]
€2

Oa(es N eqg) = [es, e4]
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= —[ea, €3]
= —¢€s,

Os(er N ey Aes) = ler, ea) Aeg — [er,e3] Aea+ [ea, e3] A e
-0,

O3(e1 Nea Ney) = ler,ea] Aey — [er,eq] Neg + [ea,e4] A eg
= ler,ea] Neg — [eq, e2] A €q
=e3/Neg—eyN\e
=e1 Ney — ey Nes,

Os(er Neg Ney) = ler,es] Aey — [er,eq] Nes+ [es,eq] Aey
= le1,e3] Neg — [eq, €3] A eq
= —eyg Neg—e3/N\e
=eyp Neg+eg N\ eg,

Os3(eg Neg Aey) = [ea, es] Aeg — [ea,eq] N ez + [es,eq] A ey
= [e4, €2] A ez — [eq, €3] A€o
=ey Neg+es Nes
= 2e5 A €3,

Os(er Nea Nes Ney) = [er,ea) ANeg Aey— [er,es] Aea Aey+ [er,eq] Aea Aeg
+ [ea,e3] Aey Aeg — [ea,eq] Aer Aes + [es,eq] Aep Aeg
= leg,ea] Neg Neg — [eq,e3) Aer Aeg
= —e1 Nea Neg —ep ANeg A eg

= —261 A es N es.

Now we may determine Jmoy.

3m81 = O,
jmag =< €3, —€9,E2, —€3 >
=< eg, 63 >,

Jmoz =< e; Aeg —eg Nesg,er Aes+eq A ey, 2es N eg >
=< e Neg—egNes,er Neg+ ey N\eg,ea A\eg >,
Imoy =< —2e;1 ANeg A eg >
=< ey Ney Neg > .

Similarly, we now may determine ker 0.

ker 0y = R,
ker 0 = g,

kerdy =< e; Aeg,ea Nes,e1 ANeg —eg Neg,eq Aes—+eq N ey >,
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kerag =< e Neg A eg >,
ker 9, = 0.

Thus, we have

Hlie( ):ker81
AT
mos
_ g
< eég,€3 >
=< e1,€e4 >,
_kerﬁg
_jmag
_ <eiNeg,eaNeg,ep Neg —egNes ep Neg+eqg/\eg >
N <eyNey—eqgNes,eg ANeg+eqg Nex,en Nesg >
=< e Neyg >,

io ker 05
H*(0) = 30a,

< e Ney Neg >
<eiNey Neg >

Hi*(g)

Therefore,

R k=0
< ep, ey > k=1
<e Nes> k=2
0 k>3

H*(g) =

Theorem 3.11 Let g = span{ey,es, e3,e4} be a Lie algebra isomorphic to 0y,
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given by the brackets [e1, es] = ey, [ea, e4] = ey, €1, 4] = €3. Then,

(R k=0
< eg > k=1
Hii(g) = { L2
<e NesNes > k=3,
<e NeyNesNey > k=4,
0 k>5

\ -

Proof.
The Chevalley-Eilenberg complex is reduced to

O&R&g&gﬂﬁgﬁeggg/\“—o

g - Span{€17 €2, €3, 64}

g% = spanf{e; A eg,e1 Aes,eq Aey,ea Aes ea Aeyg,es N eyt

g3 = span{e; Nex Nes,e; Aeg Aeg,ep Aes Aeg,ea Aes Aegt
g = span{e; Ney ANes Aes}
First we must evaluate 0y.

Oa(ea N eg) = [e, e4]
= €4,
Oa(es N eq) = [es, e4]
—0,
O3(e1 Nea Nes) = [er,ea] Aeg — [er,es] Aex+ [ea, e3] A ey
=e; N ez,
O3(e1 Nea Ney) = [er,ea] Aey — [er, eq] Aea+ [ea, eq] A ey

=ei 1 Neg+easNeg—ep Ney
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= e9 N\ €3,

Os(er Neg Aey) = ler,es] Aeg — [er,eq] Nes+ [es,eq] Aey
=0,

O3(ea Neg Aey) = [ea, e3] Aeg — [ea, eq] N ez + [es,eq] A ey
= e3 /N ey,

Os(er Nea Nes Ney) = [er,ea] Aeg Aey— [er,es] Aea Aey+ [er,eq] Aea Aeg

+ [ea, €3] Aer Aeg — [ea,eq] Aer Aes + [es,eq] Aep Aeg
=e; Nes/Neg—eg Neg/N\ey

=0.

Now we may determine Jmo.

Jmo; =0,

Jmoy =< ey, e3,e4 >

IJmos =< e; Aes,ea Aesg,e3 N\ eg >
Jmdy = 0.

Similarly, we now may determine ker 0.

ker 0y = R,

ker 0, = g,

ker Oy =< e1 A es,ea Aes, ez A ey >,
ker 05 =< e; Aeg A ey >,

kerds =< e; Aeg Aes Aeyg > .

Thus, we have

. ker 80
N jmﬁl
R

0
= R’
ker 81
3m82
9
< €1,€3,€64 >
=< €9 >
. ker 82
N 3m83

H*(g)

H{*(g) =

HY*(g)
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. < ey ANesg,ea Nes, e3 N\eyg >

N < ey Nesg,ea Nes, ez \ey >
=0,
_ ker s
_3m84
. <epNegANey >
B 0
=< e Neg N\ey >,
~ kerd,
~ Jmos
- <egNeyNesg/N\ey >
0
=< 61(9)/\62/\63/\64>.

Hi*(g)

Hi“(g)

Therefore,

(R k=0
< ey > k=1
0 k=2,
<e NesNeg > k=3,
<e NeyANes Aey > =4,
0 k> 5.

\ -

Hi“(g) =
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